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Chapter 1

Introduction

General introduction:

What are DE?

Where do they come from?

e How many types of them?

Solution techniques for

Ist order DEs
2nd and higher order linear DEs

Systems of 1st order linear DEs

Numerical approximation — Soln

The Laplace transform

Numerical approximation — Soln

1.1 Mathematical Modeling

Mathematical Model: a differential equation that describes some physical process.

Problem 1 Find the indefinite integral of function .
1
Everyone knows the soln = 562“’ +C = / X dx

Let u = u(x) the indefinite integral (unknown function)



Definition: The indefinite integral of e is the function whose derivative equals e

du 9
%—6

This is the mathematical model of the problem.

Soln: )
U = /ehdx = 56236 +C

(Note: an infinite number of such solns)
Problem 2: The law of natural growth or decay

”The change rate of an amount of a radioactive substance, such as radium, is proportional to the amount
at the current time.”

R(t): the amount of the substance at time ¢

dR
dt

this is called Differential Equation

where R is a constant depending on the material property of the substance.

Example: £ = 2

(il—? = 2R then R(t) = Ce*!, C: any number

Problem 3: A falling object

Consider an object that is falling in the atmosphere near sea level. Formulate a DE that describes the
motion.

Newton’s Second Law: F' = ma.

F: force, m: mass, a: acceleration.
g: acceleration due to gravity = 9.8m/ sec?.
~: drag coefficient (e.g. v = 2kg/sec)

v: velocity.
I dv
=mg — v, ma = m—
g—7 dt
dv
me = mg =y
Example: v = 2kg/sec, m = 10kg
dv v
o982
dt 5

Soln="?



1.2 Direction fields

Example 1:
dy
o=
If y = y(¢) be the solution, then at the point (g, o), the slope of the tangent line to y(t) is —yp. Direction
filed is used to described the slope of the tangent line to y(t).

For any point on the t-y plane there will be a solution curve passing through it. Given a point on the plane,
we can roughly draw the solution curve according to the slope field, for examples:

¥ ¥ X & 4

v

|

A A A %

dy T
E le2: — =——.
xample 2: - 5

We draw the slope field according to the following rule. At point (xg, o), we draw a ray of slope —%.
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Example 5: For a DE which can be written in a form diz{ = ay + b, for example di; = —3y + 2,whose

solution have the required behavior as ¢ — oo, all solutions approach y = 3"

dy

= _3y+2

dt yt
d

_ Y _u

-3y +2

1
—dy = 1dt
/—3y+2 Y /

1 1 1
“dy=lnly| = | ———dy=——In|—3y+2
/yy n|y| /_3y+2y gln| =3y +2|

1
—gln|—3y+2\:t+C’, In|-3y+2=-3t+C
| —3y+2|=e 30 =Ce™®, —3y+2=Ce

2
:Cf3t “
Y e +3

2
Since lim e 3t =0, lim y = =.
t—o0 t—o0 3
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1.3 Classification of DEs

Definition of DE: Suppose that there is an independent variable (say t) and there is a dependent variable
that is an unknown function of ¢ (say y(¢)). Then a DE is an identity that relates the independent variable,
dependent variable, and its derivative.

Examples
° % =y, (1st order)
° @ + d—y + y = t, (2nd order)
a2 YT
d
° d—?; = /y? + 1, (Ist order)

Orders: order of the highest derivative appearing in the DE.
Solution of a DE: a function satisfying the equation identically.

General Solution vs particular Solution: The general solution is a form of function such that every
solution of the DE can be cast in the form.

dy
E le -2 = —
xample 7 Y

e (particular) Solutions: y = ¢~ * (verify)



e (General solution) y = C'e™*, C' any real number.

Integral Curve=graph of a (particular) solution
General solution=a family of integral curves.

Linear and non-linear eqns:

Ft,y, 9, y™) =0

is said to be linear if F is a linear function of the variables 7,1/,...,5". Otherwise, it is a non-linear equation.

The general linear ordinary DE of order n is

ao(t)y"™ + ar(B)y" Y + -+ an1 ()Y + an(t)y = g(0)

Example: 1st order linear DE:
v +pt)y =g(t)
Example 1: Order and linearity

d? d
o (1+ yQ)Kg + td—zz +y= ¢!, 2nd order, non-linear
dy 2 .
° + ty~ = 0, first order, non-linear.
a3 d
° %‘g + td—gz + (C082 t)y = 3, 3rd order, linear.
e /1 + 3y =t, first order, non-linear.
1 t2 /
° % = 2t, second order, linear.
Y
1 t2 /
° % = 2t + y, second order, nonlinear.
Y

Example 2: Determine the value of 7 such that 5y = ¢"* is a soln of

y//+y/_6y:O

Soln: Replace y by e on the right hand-side,
(ert)// + (ert)/ . 66” — T?(ert) 4 7a(er‘t) o 66” — (7,2 S G)ert = 0.

Therefore, it is equivalent to solve

r*+r—6=0
(r+3)(r—2)=0
r=-3,r=2



Chapter 2

First Order Differential Equations

d
y' = f(t,y)or dii = f(t,y)

Main task: find the general solution.

2.1 Linear equations

The simplest case: f(¢,y) is independent of y

v =) |v= / f(t)dt

Example 1y = cost
Y= /costdt =sint + C

Linear 1st order DEs:

f(t,y) is a linear function about y. For example

f(t,y) = —p(t)y +g(t)

where p(t) and ¢(t) are given functions.

Y +p(t)y = g(t)

Solution method - integration factor

Example 2: ¢/ — 2ty = t,s0 p(t) = —2t, g(t) =t

10



Solution: key — rewrite the DE into a form that can be solved easily
= u(t): A function to be determined
py' — 2tpy = pt
py' + p'y —p'y = 2ty = pt
[ny)’

yl + [0 =2ty y=pt

choose 4 such that this is zero

[ny]" = pt
wy = /,u(t)tdt +C
_ Ju®tdt+C
u(t)
Find 1(t):
—p' —2tp =0
dp
"= 2tpor— = -2t
[ por — [
1
oy /duz /—2tdt
[ [
Inp=—-t>+C
u(t) = e el

wu(t) = e~ (Choose a simple one!)

SO
—t2
fe -tdt +C 2 1 2
y: e—t2 :6t |:_2€ t +C:|
1 2
=——+C¢
Y 2+ e

General Case:

Y +p(t)y = g(t)

_ Jut)gt)dt +C
u(t)

p(t) = el PO

11



Proof: y' + p(t)y = g(t). Multiply x = (t) to both sides.

wy + pup(t)y = ug(t) uto be determined
wy' + p'y — p'y + pp(t)y = pg(t)

wy +p'y—  ply—ppt)ly = pg(t)
—_—— ————
=(py)’ choose p such that this is zero

py —pp(t)yy =0 = u' = pp(t) %—p(t)

/;jt / /d“ /(t dt lnu—/p(t)dt

p=e [p(t)dt | Wwe just need to pick one particular y, so we do not put C, the

constant term here.

(1y)" = ng(t)
wy = / u(D)g(t)dt + C

_ Jut)gt)dt + C
p(t)

Examples:

1
1. y’+§y:2c0st

1

p(t) = 2 g(t) = 2cost

u(t) = eJpdt _ f idt _ /2

4et/? cost /2 gin ¢
//‘(t)g(t)dt:/et/z'Qcostdt: e’ cos ::86 sin

[u)gt)dt+C  2e/%sint —4e'/? cost + C 4cost + 8sint

T T 5el/?

1
(Note: Ce 7isa general solution to 3’ + §y =0.)

—i—Ce*%

2cost +4sint

Verification:
i 4cost + 8sint 1 4cost + 8sint _ —4sint + 8cost
dt 5 2 5 N 5
2 cost
2.y + Sy = —=
vytiv=a
2 cost
p(t) = n g(t) = T

pult) = eJpdt _ [ Fdt _ 2Int _ Int® _ 42

12

5

= 2cost



/,u(t)g(t)dt:/ 2 COStdt /costdt:sint

[u®)gt)dt+C  sint+C

ST T

Initial Value Problem (IVP):

Sometimes it is important to pick out one particular solution. This is done by specifying and auxiliary
condition (initial condition)
y(to) = yo

or specifying that the solution curve should pass through (%o, yo)
DE + initial condition = IVP

Example 2 Solve
y —2y=4-—1t
Sketch the graphs of several solutions. Find the initial point on the y-axis that separates solutions that

grow large positively from those that grow large negatively as ¢ — oo

Solution p(t) = =2, g(t) =4 —t
M(t) _ efp(t)dt — 2t

_ Jut)gt)dt +C
u(t)
f e (4 dt +C

= 1 1
/ e~ 2dt = —ite_% +3 / e 2tdt
= / —2( / “tdt + C]

1 1
_ _§t€_2t _ Zezt

1
2t 2t 2t 2t
e [ + 3 + + ]

11
= -2+ —t+ -+ Ce*

2 4
_ .1 2t
y=-1 + 2t—|—Ce
e C>0: limy=o0
t—o00
e C <0 limy=—
t—o00
7_1
o_Yti—st
o2t
. . . 1 7
The threshold is the straight line y = — 515 1

13
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Example 3: Find the solution of IVP ty/ + 2y = sint, vy (—

2
2y  sint
Soln: ¢/ + =2 = —/——,
vt ¢
2 sint
p(t) ==, g(t)=—

t

pu(t) = of Fdt _ 2t _ 42

[t28tdt 4+ C

=2 (/tsintdt + C> , sintdt = d(—cost)

=2 (/td(—cost)—i—C), /udv—uv—/vdu

:t_2(—tcost+/costdt—|—C')

Y

y=t"2(—tcost +sint 4 C)

T 1 T T T
v(3)=1 1= @7 (-geosg +sing +C)

(310

14
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—




2
y:t_2 —tcost +sint + (g) — 1}

Methods of Variation of parameters:

v + p(t)y = g(t) inhomogeneous eqn.

homogeneous equation (every term involves either y or 7/)

Y +p(t)y =0

(ny)" = —p(t)

Iny = —/p(t)dt—i—Cl

y = C«e—fp(t)dt

Solution of the homogeneous eqn.

To find the solution of the inhomogeneous eqn, let
y = A(t)e” S Pt

Aye IrO0% 1 A IO p(0)] +pn) A IO = (1)
(1) = glt)el 7O

Denote
ult) = el PO

A1) = g(t)u(t) or A(t) = / u(t)g(t)dt + C

A(t) _ [p(t)g(t)dt + C

Y ) o)

2.2 Separable equations

y/:f(tvy)7 f(t7y):_%((yt§

f(t,y) is a product of two functions, one of them is a function of only ¢ and the other is a function of only

15



dy _ M)

dt — N(y)
N(y)dy = —M(t)dt or | M(y)dy + N(t)dt =0

/N(y)d /M

Hs(y) Hy(t)
Hy(y) = —Hi(t) + C
Hy(t) + Ha(y) = C implicit solution

Solution: if you can simplify it, simplify. If not, this is the solution — implicit solution.

d
Example 1: W _ -3y + 2

T dt
dy
= =_3y+2
dt v+
d
Y —a
-3y +2

1
/dy:/ldt

3y +2

1

dy =1 = | ———d —l -3 2
/yy n /3y+2y g T

1
- gln(73y+2) =t+C, ln(73y+2) =-3t+C

| =3y +2/=e3HC =¥, —3y4+2=Ce¥
:Of3t_+_7
Yy € 3
. Y : 2
Since lim ¢ " =0, lim y = —.
t—o00 t—o0 3
d
y’:ay—l—bor—y:ay—i—b
dt
y = Ce™ — —

16



dy t—et

Example 1: dt = W, y(O) = ].
(y+e¥)dy = (t — e b)dt
/(y—i— e’)dy = /(t —e Hat
2 2
t
L= +ettC
2 2
oo U
2+e 5 e C
12 02
y(O):l’?‘i‘el_?—eO:C
1 1
C:2+e—1:e—5.

r_ 2 2 _ 2 _ 2
ExampleZ:{ g?j(()_)l——i(;:r—’—y +ay"=1+2z)+y (1+2)=1+y)(1+z)

1
Fact: / T2 7 dy = arctany

1
/1+y2dy:/1+xd:c

22
arctany =z 4+ — + C

2
02
find C: arctan(0) = 0+ 5 +C
C=0
1‘2 xQ
arctany =z + ? or|y = tan(x + ?)
1+ 322
Example3: { ¥ = 3y2 — 6y
y(0) =
2 1
Example 4: ¢ = ~7 +1

17



2.3 Mathematical Modeling with 1st Order equations

Recall The general solution of 4/ = ay + b, a # 0.

d
y’zay%—bord—g:ay%—b
y:C’eat—é

a

Example 1(Water tank problem)

1
At time ¢ = 0 a tank contains g Ib of salt dissolved in 100 gal of water. Assume that water containing 1

(Ib of salt)/gal is entering the tank at a rate of r gal/min, and that the well-stirred mixture is draining from
the tank at the same rate.

(a)Set up the IVP describing this flow process.

(b)Find the amount of salt )(¢) in the tank at any time; and also find the limiting amount @), that is
present after a very long time.

©If r = 3, and Q¢ = 2Qy, find the time T after which the salt level is within 2% of Q..

(d)Find the flow rate that is required if the value of 7" is not to exceed 45 min.

flow rate = r gal/min

»

1 Q(t)(Ib.):amount of
saltrate= 1" Ib/gal salt at time t

V=100 gal

flow rate = r gal/min

»

Q)
0

salt rate = r Ib/min

e {:in min

18



e (Q(t): amount of salt in the tank

rin: rate of salt poured in the tank.

. . . . . : 1
rin = incoming density of salt X incoming rate of solution = 1

, Q)

100 : density of salt in the tank at time .

& Tout = 1%2—0 - r: rate of salt following out.

e Q(0) = Qo: initial condition

w _ - _r_ Qr
. (a){ dr T e T T 00
Q(0) = Qo
r r b
= —— — — - = — — *(7‘/100)15
a o e L= QM =Ce 1925

e MQO0)=Qy, C+25=0Qu |Q(t)=(Qo—25)e /100 4 o5
Qr = lim (Qo —25)e” /1% 425 = 25

¢ ©Q(t) = (2Qr — Qp)e ' + Q; = 1.02Q,
e 09 11 =102, —0.03t=1In0.02, t=130.4min

o (d)Q(5) = 2Qr — Qr)e "M% + QL =1.02Q;,
e O 1 1=1.02, —0.45r =1n0.02, 7= 8.69Ib/gal

Example 2(Mortgage Problem)

A home buyer can afford to spend no more than $800/month on mortgage payments. Suppose that the
interest rate is 9% and that the term of the mortgage is 30 years.

Assume that interest is compounded continuously and that payments are also made continuously.
(a) Determine the maximum amount that this buyer can afford to borrow.

(b) Determine the total interest paid during the term of the mortgage.

19



B(t): balance in dollar
t: time in month

in[t)ea%st
=75 B0
dollar/month B(t) monthly payment
rate = 800
800 dollor/month

»

t: in month

e B(t): balance (money owed to the bank)
e monthly interest ratez% = 0.0075

e 7, = 0.0075B(t): increment of balance per month = interest per month
o 75t = 800: decrement of balance per month = monthly payment.

e B(0) = By: initial amount of money borrowed from the bank.

dB
{ = Tin — Tout = 0.00758B — 800

o < dt
B(0) = By
800
B(#) — (100075t
* B(t)=Ce * 0.0075

800 800 300
B(0)=C+ —— =B, Bt = [ By — 222 ) po0075¢ OV
* PO = Goors = o BU <° am%)e * 0.0075

. _ 800 '\ go07sx30x12 , 800
e (a) Find By. B(30 x 12) =0, <Bo 0_0075) ¢ 00075
By = 99, 498

e (b) Find the total interest

20



30x12
Method 1: T1 :/ 0.0075B(t)dt
0
Method 2: T'I = total payment — ()9 = 800 x 30 x 12 — Q)9 = 288,000 — 99, 498

Example 3 (Escape Velocity)

A body of constant mass m is projected away from the earth in a direction perpendicular to the Earth’s
surface with an initial velocity vg. The gravitational force acting on the body is inversely proportional to
the square of the distance from the center of the earth and is given by w(z) = k/(z + R)?, where R is the
radius of the earth, and x is the distance between the body and the surface of the earth Assuming that there
is no air resistance, but taking into account the variation of the Earth’s gravitational field with distance,

(a)find an expression for the velocity during the ensuing motion,

(b)find the escape velocity.

g: gravity

x: altitude

R: radjus of the Earth

Soln:

e F=ma, a=—.

e tin second

21



e x(t): distance between the body and the surface of the earth at time ¢.

e R: radius of the earth.

d
° md—: = —w = —m: negative sign signifies that w is directed in the negative v direction
(starts from the surface and goes up).
k
o w=mg= m, k = mgR?: on the surface of earth (z = 0), w = mg.
dv dv dx

v . . .
e — — — . — = p—: reduce variable ¢t. From now on, v is a function of x.
dt dr dt dx

=v

e v(0) = vp: on the surface of the earth (x = 0), velocity is vg.

md—v—— mgR?
e @{ "z T (x+R)?
v(0) = v
gR?
dv=——"——=d
T T w R
1
dv=—gR* | ——=d
o= o [ Gt
Ly gR?
2" _x+R+C
_ 1, gR? 1,
v(0) = vy, 5% = 5 +C, 0—200 gR
2gR?

o (b) Find the escape velocity.

— =0v=_C(

dt

Set v = 0, maximize altitude x4, = ———

Tmazx
2gR - ————.
\/ g R+ Tmax
Let x40 — 00 (escape !) = vg = /29 R (escape velocity).
g =9.8m/s’, R = 6,286 km,| vao ~ 11.1km/sec|

\

22



2.5 Autonomous Equations and Population Dynamics

Autonomous equations: the independent variable (in the following case t) does not appear explicitly.

dy
a f(y)
has an important application in population dynamics.

objective: study a geometric method to obtain important qualitative information directly from the differ-
ential equation, without solving the equation — qualitative analysis.

e y(t): population at time t.

e 7: growth rate of the population.

1. Exponential Growth: (e.g.,when the resource is unlimited, such that the growth is roughly constant.)

Ex 1. In average, one rabbit reproduces r new baby rabbits per year. Totally, the population of rabbit
increases by 7y per year.

dt
y(O) = %Yo
Soln:

d
el = rdt

Y
[Y=[rar+c
Y

Iny=rt+C

d
{ 9 _ ry, r > 0: growthrate

y=e"tC =0 e = Ce™,  general solution

y(0) = Ce® =y, C =1yo

y = yoe't

Ex 2. In average, one rabbit reproduces r new baby rabbits per year. And at the same time, 10% rabbit
dies per year (mortality rate is 0.1 per year). The population of rabbits changes by ry — 0.1y per

year.
dy
Yo r—01

{ Y~ (r—0.1)y
y(0) =yo

Soln: |y = yoe(rfo'l)t

23



Summary: When the growth rate is constant, then it’s a exponential growth model. tlim y(t) = oc.
v —00

2. Logistic Growth: (e.g., when resource is limited) grow rate depends on the population or = h(y),
such that

e h(y) ~ r, when y is small.

e h(y) \, wheny .
e h(y) <0, when y is large.

= h(y)zr—ayzr(l—%).

= Logistic equation:

5Dy

r: intrinsic growth rate.
k: saturation level.

Qualitative analysis of the logistic equation:

Letf(y)zr(l—%)y

e Step 1: Set f(y) = 0, obtain zeros: y = 0 and y = k = two constant solutions:
y=¢1(t) =0, y=go(t) =k
e Step 2: sketch the graph of f(y):

A

stable equilibrium

y decreases | y increases y decreases

«— | —r — | ———

\

equilibrium is
unstable

24



d
—£>O,f0r0<y<k

d
- d—:‘;<0,fory>k

- %<O,fory<0

e Step 3: sketch integral curves

N\ DR T T T
RN MW W Y

A A A A A A A A

> U 2 a2 |2 & A A

> > > = S S ———

> > > Kb > |» >

»y >y > >y > /

>y ¥ »

2 »>

T
=

T

\

v
v
X ¥ v v %

\{

¥ ¥ vV Y € Y Y V¥ ¥ K.
¥ v v YNv© v v vy ¥ K
<
i

¥ ¥ v
¥ v v

¥ v v v v\
K ¥ ¥ ¥ N
K ¥ V¥ v A\

¢1(t) = k: asymptotically stable because every nearby integral curve is converging to k as t — oo.

¢2(t) = 0: asymptotically unstable because every nearby integral curve is leaving. A little disturb-
ing will drag away the curve.

d
Verifying (Separable equation) 7‘% = rdt
(=%
1 N 1
I-%y v k-y

/1+1dy:/rdt+0
y k—y

Iny —In(k —y)=rt+C, ln<ky> =rt+C| L:Cge”
-y

partial fraction

Logistic Model

25



_ Yok
Yo + (k —yo)e "t

t— o0,y — k.

=Y

d
Example 1: (Semi-stable) a% = (1 —y)?
Zeros: y = 1.

Graph of (1 — y)?

semi-stable
equilibriu

dy Y
Y1
ar €

zeros: y =0

Example 2

signs of f(y) = e¥ — 1.

ey <0, f(y) <0
e y>0,f(y) >0
y = 0 is a non-stable equilibrium.
d
Example 3 Y y2 (4 —y?)

dt
zeros: Yy =0,y = -2,y =2

signs of f(y) = y*(4 - ¢?).
o y < —2, forexample f(—3) =9(4—-9) <0
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e 2<y<0,f(-1)=14-1)>0
e 0<y<2 f(1)=14-1)>0

e y>2f(3)=94-9) <0

2
non-stable stable

o

“«— —> | —p  —
—4 -3 -2 —1/v 0 1 2 3 4

semi-stable

-2

2.6 Exact Equations

dy
dt

M(t,y)
N(t,y)

:f(t,y)E—

1. Rewrite the DE into

‘M(t,y)dt%— N(t,y)dy = 0‘

2. Consider the total variation of ¥ (¢, y):

0 0
diy(t,y) = a—wdt + E;ybd

which measures the change of ¢) when ¢ and y undergo a small change.

If %‘f Mt y), ?’; — N(t,y) then dip(t,y) = M(t,y)dt + Nt y)dt = 0 = v(t,y) = C (constant)
oY oY
Condition for the existence of such a ¢ (¢, y) satisfying i = M(t,y), 5y = N(t,y):
Y
o o
8 ot ot \ 9y
or
0 0
—M
gy M (LY) = 5Nt y)
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Theorem Rewrite the DE into

M(t,y)dt+ N(t,y)dy =0
~—— ~——
o o
ot oy
If M and N satisty
oM  ON
oy Ot
then there exists a function 1) = (¢, y) such that
oY oY
7 = M(¢t — = N(t
5t (t,y), By (t,y).
Definition of exact equation:
e How to find .
d
Examples (y + 4t) + (¢ — y)d—‘z = 0.

M(t,y) =y+4t, N(t,y) =t —y

U(t,y) = /Mty :/y+4tdt—yt—|—2t2+01() (1)

2
Y(t,y) = [ N(t,y)d I/t—ydy—ty—2+02() (2)

Soyt + 2% + Oy (y) = ty—%—f—CQ( ).

Calt) =22, Cily) = -

2
So (t,y) =yt + 2t* — % The solution of the DE is

y?
Vity) =yt+26° = =C
which is a implicit solution of y(¢). If given initial condition y(1) = 0, then

2

¢(170):0+2=C,:>yt+2t2—%:2.
e verifying the solution.
0 y?
—(yt+22— L )=t—y=N(t
Yy
yt+2t2 — ) =y + 4t = M(t

28



2.7 Theory of 1st Order DEs and difference between linear and non-linear
DEs

For a given IVP

y(to) = Yo

most concerned:existence and uniqueness of the solutions.

{ y' = f(t.y)

Theorem If functions p(¢) and g(¢) are continuous on an open interval I : a < t < (3 containing point
t = to, then there exists a unique solution y = () of the IVP

{ Y +p(t)y = g(t)
y(to) = vo
y = 1(t) is valid for all t € I.

2 sint ™
Example: i/ + —y = ', (7):1
xampey—l—ty / Y 5

2 int
p(t) = o g(t) = % are continuous in (—o0,0) U (0, 00). But ¢t = g is in (0, 00).

Therefore there exists a unique solution in ¢ € (0, c0).
Theorem 2 (General case including nonlinear DEs)

0 . . . .
If f and a—f are continuous in a rectangle R : [t| < a, |y| < b, then there is some interval [t| < h < a

(Note: h can be very small) in which there exists a unique solution y = () of the IVP

{ y = f(t,y)
y(to) = yo
y/ _ y2
Example 2 o
P { y(to) = vo0
f(t,y) =y ? = 2y very smooth. But
Yy
1 1
y(t) = 1 =

If yo > 0, the solution is valid only

1 1
— —(t—1tg) >0, 0ort <typ+ —
Yo Yo

Comparison:
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linear nonlinear
7 _ I
Problem y +pt)y =g(t) y' = [f(ty)
y(to) = yo y(to) = yo
1
General Soln y= Po) { / w(t)g(t)dt + CJ non-available
formula W= e Pyt
Existence and Uniqueness Theorem 1 Theorem 2
Interval of global: determine by local,
definition p(t) and g(t) not indicated in f(¢,y)
y o+ oy =dt y =y’
Examples t
vTh e Y itcC

Review of Chapters 1 and 2

Chapter 1: Introduction

e basic concepts: DE, order, linearity, homogeneity, solution, the general solution, integral curve.

e Direction field, method of isoclines.

d
Chapter 2: st order DEs d—i = f(t,y)

=) y= / F(t)dt.

e Linear equation 4’ + p(t)y = g(t): Integrating factor, variation of parameters.

d M(t
e separate equation y' = di; = (t)

N(t)
e Exact equation M (t,y)dt + N(t,y)dy = 0, find (¢, y) such that

dip = M(t,y)dt + N(t,y)dy

e Qualitative analysis for autonomous equation 4’ = f(y): equilibrium solution f(y) = 0, stability
of equilibrium solutions.

e Theory (existence and uniqueness)

e Application: Water tank problems, loan problems, population dynamics (logistic model).

Examples:
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dy  2t+y

Cdt 3+3y2-t

|
Y =3
ye+1
dy
p— 1—
o y( )
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Chapter 3

Second Order Linear Equations

Two important areas of application of 2nd order linear equations are in the fields of mechanical and
electrical oscillations.

Example Mechanical system of spring.

s
///////////////////////////////////////////////

I+ L

mg

gravitational force: F,, = mg

m: mass of the ball, g acceleration due to gravity.
Spring force: F; = —kL

L: elongation. k: constant of spring.

Hooke’s Law: Spring force is proportional to the displacement of the spring (L). The direction of the
force is opposite to the direction of the motion.

when the ball is in equilibrium,
mg = kL, = k= %.
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/////////////////////////////////////////////////////
/////////////////////////////////////////////////////
////////////////////

/////////////////////////////

//////////////////////////////////////////
//////////////////////////////////////////
////////////////////////////////////////

l+L
still

still

I+ L+ u(t)

vibrated

Newton’s Law of motion (neglect damping or resistive force such as air resistance)

mu” ()

f(t)

Fy=mg, Fy = —k(L +u(t)), f(t) = F, + Fy = mg — k(L +)

mu'(t) = mg — k(L + u(t))

mu'(t) = mg — —=(L + u(t))
u'(t) = = Fu(t)
u(0) =0.1L
u'(0) =0
Say: L=1,9g=9.8
u”(t) = —9.8u(t)
u(0) = 0.1
u'(0) =
Generally speaking, 2nd order DE:
d*y dy
ol f(z,y, %)
2nd order linear DE: Y .
y' +p@)y +a(@)y = g(x)
y(o0) = yo
y'(z0) =

33



3.1 Second Order linear homogeneous equations with constant coefficients

ay’ +by' +cy=0 (a+#0)
Example 1: ¢/ =y
x

Possible solutions: €*, e~ %, Cie%, Cae™%;
General solution y = C1e” + Coe™ ",

For ay” + by’ + cy = 0, seek for solution in form y = €"*, r to be determined.
(ar® 4 br 4+ c)e"™ =0

ar’* 4 br+c=0 (characteristicequation)

—b+ Vb2 —4ac
T2 =
’ 2a

If b2 — 4ac > 0, then ry, o real and different, then ¢"'* and €™ are two different solutions.

’y — C1e"T £ Che™®

C and C; can be determined by y(xo) = yo, ¥’ (70) = ¥
Example 1 y” + 4y’ + 3y = 0, y(0) = 2,4/ (0) = —1
r*+4r+3=0
(r+3)(r+1)=0
r=-3, r=-—1

=y(x) = Cre 3% + Che™

y(()) = Cleo + 0260 =C1+Cy=2
Y (x) = —3C1e73% — Che™™®
y'(0) = -3C; — Cy = —1

1 5

=Ci=—z, (Cy=-

12 5 2

_ 3z Y -z
y(z) = -5 + 5

Example 2 Find the general solution of 23" — 33/ +y = 0

2r° —3r+1=0
(r=2)(r—1)=0
r=2 r=1

=y(x) = C1e** 4 Cye”
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Example 3: y" = 9.8y, y(0) = 0.1, "(0) =0

r* —9.8r =0
r(r—9.8)=0
r=0, r=9.8

y(z) = 01" + O2e”¥ = Cy + Coe?®”
y(0) = C1 + Co = 0.1, 9" () = 9.82C2€”%%, 4" (0) = 9.82C, = 0.1

3.2 Solutions of Linear Homogeneous Equations, the Wronskian

ay” +by +cy=0

W 4 br 4 e —0 r1, ro real, different. Then y(z) = Cre™* + Coe”™?*

Recall {

Linear homogeneous equation:

Y +p@)y +q(x)y =0
y(wo) = Yo
y' (o) = Yo

where p(x), g(x) are defined in an interval I = («, 5) and z¢ € (a, B).
Theorem 2.1 (Existence and Uniqueness).

If p(z) and ¢(z) are continuous in , then there is exactly one solution y = ¢(x) of the IVP (Initial Value
Problem), and the solution exists throughout the interval I.

Theorem 2.2 (Superposition Principle)
If y1 (x) and y2(z) are two solutions of
y' +p@)y +q(z)y=0

Then the linear combination C1y; (z) + Cay2(x) is also a solution for any values of the constants C; and
Cs.

Proof:
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General Solution: by Krammer’s rule

y(x) = Cry1(z) + Coya(z)
Cry1(wo) + Cayz(z0) = Yo

Ciyy (o) + Cays(o) = Yo

‘ Yo y2(zo) ‘ ’ y1(zo) Yo
C, = Yo ya(o) o= yi(zo) ¥

‘ y}( 0) y3(9«“0) ‘ ‘ y}(xo) yg(fﬂo) ’
v1(xo)  ya(xo) y1(2o)  ya(xo)
y1(wo) y2(7o) ‘ : :
= , = Wronskian determinant of y; and

w w[yl yQ](xO) ’ y/l(xo) yé(-%b) 1 U1 Y2

Theorem 2.3 (General solution)

If y; and y5 are two solution of
y" +p(@)y +q()y =0

and if there is a point where the wronskian of y; and ys is nonzero, then the general solution of the DE is

’y = Ciy1(x) + Caya(z) ‘

where C1 and C are arbitrary constants. y; and yo are said to form a fundamental set of solutions.
Example y” + 4y + 3y = 0.

r*+4r+3=0
(r+3)(r+1)=0

r=-3, r=-1

Two particular solutions 31 (z) = e 3% and yy(z) = e %. Atzg = 0, y1(x0) = €® = 1 and yz(z0) =
e’ =1.50
Y = C’le—gm +Cy+e*

is the fundamental solution.

Def: Linear Independence of functions

Two functions f and g are said to be linearly dependent on interval [ if there exist two constants k£ and
k5, not both zero, such that
k‘lf(t) + k‘gg(t) =0, Vtel

f and g are said to be linearly independent on [ if they are not linearly dependent.

Example: f(t) = 3t, g(t) = |t], (@) I = (0,00), (b) [ = (—00,0).
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ki -3t+kolt| =0, Vtel

(@) = (0,00) : ky -3t + kot = 0 = (3k; + ko)t = 0 = ko = —3k;. So as long as ky = —3k;, for
example ko = —3 and k1 = 1, then ky - 3t + kot = 0, V¢t € I, which implies f(¢) and g(t) are linear
dependent on (0, 00).

e [ ki-3t+ket=0, te[0,00)
() = ( oo,oo).{ ki1-3t— kot =0, t& (—00,0)

= ko = —3ky and ko = 3k1, = k1 = ko = 0, which implies f(¢) and g(t) are linear independent on
(—00,0).

Linear independence — The Wronkskian

Theorem 3.1 If y; and y- are two solutions of

Y+ p(x)y +q(z)y =0

where p and ¢ are continuous on an open interval I, then the Wronskian Wy, yo](z) is given by

Wyr,yo)(z) = Ce~ J plo)dr

where C'is a certain constant that depends on y; and ys, but not on z. Furthermore, w(y1, y2](x) is either
zero for all x € I (if C' = 0) or else is never zero in I (if ¢ # 0)

Proof.

(i + p(@)y +q(x)yr) - y2 =
(i +p(x)ysy + q(x)y2) - y1 =
w = y1(x)ys(x) — y2(x)y (93)

2//

Example Find the Wronskian of 2°y” — (z + 2)y' + (z + 2)y = 0 without solving this DE.

First, we need to divide the differential equation by the first coefficient of the second derivative term:z:2.

r+2, x+2 T+2
2V + —5— = 0. Itturns out p(z) = ——.
x x

2
/x—i_ /+ dx—ln\a:|——

Wiy, yo](x) = Ce JP@)dz — Celnlel—3 = C’|a:|e_%

This gives us 3" —

Euler’s Formula
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Motivation: ¢35

Taylor series of e”

B [e's) (—1)n$2n ' 00 (_1)n71x2n71
EE IR D P i
n=0 n=0

=|cosx +isinx

Atipz

Example 1: e = e*(cos(pa) + isin(ur))

310 = ¢3(cos(6) + i sin(6))

Tr

Property: 1
X

=re

3.3 Complex Roots of the characteristic Equations

Consider ay” + by’ + cy = 0. y = €"", r to be determined.
Characteristic equation: ar? 4 br + ¢ = 0.

If b*> — 4ac < 0, then

rE=A+iu, ro=\—iu
—b |b? — 4ac|

~ 2 M 2a
M)z eAm(

yi(z)=e cos px + 1 sin pux)

ya(x) = ePT = AT (cos px — isin pa)

6()\4-1'#):]0 A—ip)z

(
€
(/\ + ilu)e()\-i-iu)x (}\ _ Z-M>e(/\—iu)a:
= (A —ip)eP — (N +ip)e*®

= —2ipue* £ 0

Wiyr, y2l(x) =
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y(z) = Ciyi(z) + Coya(z)

y(x) = Cre*®(cos px + isin px) + Coe (cos pa — isin )
= (C1 + C2)e* cos pa + i(Ch — Co)e sin pax:

Define: C; = C; + Oy, Cy = i(C1 — Cy).

y(x) = C1e™ cos px 4 Cy sin px

/i e cos pux

go(z) = N sin px

Here 31 and g2 are two real solutions.
Example 13" = —y

y'+y=0

r?+1=0

b* —dac=—4 <0
b b2 —4

N P/ et :
2a 2a

y1(z) =€ =cosx +isinx, ys(x)=e€"

y(z) = C1e™ 4 Cre™™@

C~'1 =C1 + O, 62 = i(Cl — CQ)

y1(x) = cosz, Yy =sinzx.

" = cosx —isinx

Example 2 3" + ' + 1.25y = 0, y(0) = 3,¢/(0) =1

2 4r+125=0
b2 —dac=1—-5=—4

ao b1 VA
2a 2 2

U1 :efé

y(x) = Cry1(x) + Caya(x)

él =C1+ 0y C~'2 :’i(Cl —CQ)

; _1 . 1 _1 .
T — e72%(cosx +ising), Yo =e 277" = e 2%(cosx — isinw)

7 (z) = e 2% cos x, go(x) = e 2" sin .
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3.4 Repeated Roots

Consider:

ay” +by +cy=0
ar’ +br+c=0

—b+ Vb2 —4ac
2a

rig =

o b — dac > 0: r1 and 7o real and different.

o b2 — dac < 0: r1 and r; complex and different.

e b2 —4dac=0: r1 = ro = —— real.
2a

T rox

In the last case, y1(z) = e ¥ =y =€~
Wiy, y2l(z) =0
General solution?
To find the general solution, we have to find y»(2) which is different from y ().

Assume that y2(x) has the form
v(z)y1(z) = v(z)e"”* = v(z)e %

where v(x) is to be determined.

b b b
Yy = v'e"2a" — —wpe 2"
2a
2
b b b
yg — e 3% — Zylem 3 4 ve~ 2T
a 4q?
b b b b b b b b
y -0 _5 _5 _ b _ b _b
afv’e" 2" — —v'eT2a" + —wve 2] 4 b[v'eT 2" — —ve 20" 4 cveT 2" =0
a 4a 2a
2
" b
av’ + |lc——|v=0
4a
=0

U// — 0
v(x) = Ciz+ Cy
ya(x) = Clxe_%x + 026_%x
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(&4 a

yi(z) = e %"
=X 7

ya(x) = we™2e”

General solution: y(x) = Cle_%m + 023;6—%5”

Summary General solution of ay” + by’ +cy =0

ar’> +br+c=0

—b+ Vb2 —4ac
192 =
’ 2a

o b2 —4dac > 0: y(z) = Cre™? + Cre"™

b |62 — 4ac]

o b* —4dac < 0: )\:_Za’ w= %2,
y(x) = e (Cy cos px + Cy sin pux)

o V2 —dac=0: y(z) = Cle*%x + C’gxe*%x
Examples:

o ' — 2y +10y=0

° y//:4y

9y" + 6y +y=0

y' +4y +2y =0

oy =4y

3.5 Nonhomogeneous Equation, Method of undetermined coefficients

Homogeneous DE: ay” + by’ + cy = 0

Nonhomogeneous DE: ay” + by’ + cy = g(x)?

Theorem: The general solution of nonhomogeneous equation

Y+ p(x)y +q(x)y = g(x)

can be written in the form

y = C1y1(z) + Coya(z) + Y ()
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where y; and y» are a fundamental set of solutions of the corresponding homogeneous equation
y" +p(@)y +aqlz)y =0
C and (5 are arbitrary constants, and Y is some specific solution of the nonhomogeneous equation.

Procedure:

e Find Y1 and Y2
e Find Y(z)

o y = Ciyi(z) + Coya(z) + Y (2)

How to find Y (x):

The Method of undetermined coefficents

ay” + by’ + cy = g1(z) + ga2(2)

Splitting =

If Y1 (z) is the solution of ay” + by’ + cy = g1 (),

Ys(z) is the solution of ay” + by’ + cy = ga(x)

then Y3 (x) + Ya(z) is a solution of ay” + by’ + cy = g1(x) + g2 ().
Examples

y' — 2y — 3y = 3e**

y" + 4y = 3sin 2z, y(0) = 2,y (0) = —1

y" — 3y — 4y = —8¢e” cos 2x

3.6 Variation of Parameters

Find a specific solution of the non-homogeneous equation.
Example Find the general solution of 3" 4 4y = sinx
Solution Find y; and ys of v/ + 4y = 0, =

y1(x) = cos 2z and ya(z) = sin 2z, y(z) = Chy1(z) + Caya(z)(*)
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The basic idea in the method of variation of parameters is to replace the constants C'; and Cs in (¥*) by
functions u; (x) and ua(z), resp., and then to determine these functions so that

Y (z) = ui(x) cos 2z 4 ug(x) sin 2z
is a particular solution of the non-homogeneous equation.

Y’ = u) cos 2z + ub sin 22 — 2uy sin 2x + 2usg cos 2z
Y" = uf cos 2z + ufy sin 2x — 2u) sin 22 + 2u), cos 2z — 2u sin 2x
+ 2u'2 cos 2x — 4uq cos 2x — 4us sin 2x

= ] cos 2z + uf sin 2z — 4u sin 22 + 4uf cos 2z — 4uy cos 2o — dusg sin 2
Since Y 4+ 4Y =sinz =

[uff cos 2z + uf sin 22 — 4u] sin 2z + 4ufy cos 22 — duy cos 2 — 4ug sin 27
+ 4[uy cos 2z + ug sin 2z] = sinx

uy cos 2z + ufy sin 2z — 4] sin 2z + 4u)y cos 2 = sin 2z

which is one equation for unknown functions u; and us. To determine them, we need to seek for another
equation or relation.

Let us impose one more restriction u} cos 2z + ), sin 2z = 0, then
Y’ = —2u; sin 2z + 2us cos 22

Y" = —2u sin 2x + 2u} cos 2z — 4uy cos 2x — dus sin 2z

Since Y/ +4Y = sinz =

—2u sin 27 + 2uf cos 2z = sinx

, sin2zx
Ul - — u
cos 2z
; 2
sin 2x .
ulgu + 2ub cos 2z = sinx

Ccos 2%

! .
Up = 7 ST COS 2z

1
Ug = 2/sina:cos 2xdx
1 /1,. .
=3 / i[sm(x + 2z) — sin(x — 2z)|dx
1 1
= —Ecos?):n — Zcosx+03
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L. .
uy = ) sin  sin 2z

1
UL = —2/sin$sin 2xdx

1 1
= —Zsinx—i- Esin3w+C4

Y(z)= [—i sinx + %2 sin 3x] cos 2z + [—1—12 cos 3z — i cos x] sin 2z
y(z) = C1cos 2z + Cysin2x + Y ()

Summary To solve y” + p(z)y’ + q(z)y = g(x) (*)

Suppose 1 (x) and yo(z) are solutions of 3 + p(x)y’ + q(x)y =0

Y (x) is a particular solution of (*), in the form of Y (z) = uy(z)y1(z) + ua(x)yz2(x). Take the first
derivative of Y, we have

Y =iy + uhys + uryy + uays.

Suppose u}y1 + uhys = 0, then Y/ = uyy] + uath.

Y = ujy) +uhyh + wyl + uayy

Since Y/ +pY'+qY =g

uiyy + ugyh + Yy + ugyy + plury) + uays] + [uayr +uzye] =g

= Yy + uyyh + ur [y + pyy 4 qui] Fue [ys +py2 +aye]l =g
— —
=0 =0

= |uyyy + ugyy =g

{ uhyr + uhys = 0
U Yy usys = g
o
i = 19 vl g
‘ Y1 Y2 ‘ Wy1, y2)(x)

Y1 Y

I
, v g
u2: =
‘Zﬂ Y2
yi Yo

Y19
Wly1, y2)(x)

_ gy2 U — gy1 "
"= /W[yl,yz]md’ 2 /W[yl,yﬂ(x)d
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g [ I
Yie)= yl/W[yl,yQ](:U)d +y2/W[91792](3})d

gy

_ . L) — 92 4. —
y = Ciyi(z) + Caya(2) yl/w[yl,yﬂ(x)d +y2/W[y1,y2]($)

dzx

3.7 Variation of Parameters

Theorem If y; and y5 are a fundamental set of solutions of

Y+ plx)y +qlx)y =0

then a particular solution of
y" +p(@)y +q(@)y = g(v)

18

g [ I e
Yie)= yl/W[ylayQ](x)d +y2/W[ylay2]($)d

and general solution is

y = C1y1(z) + Coya(z) + Y (2)
Example 1" + 4y = sinx
y" + 4y = 0 gives us y; = cos 2z, Yo = sin 2z

cos 2x sin 2x
—2sin2x  2cos2x

qYy2 sin 2xsinx 1 . 1 .
—="  dx = / —————dx = -sinx — —sin3x + C;
/ Wly1, y2](x) 2 4 12

gy1 cos2xsinx 1 1
—  dx = / —————dx = —-cosx — — cos3x + Cy
/ Wly1, y2](x) 2 4 12

A particular solution is

=2

Wiy va](x) = \

1 1 1 1
Y (z) = —cos 2x[1 sinx — - sin 3x] + sin 2:1:[—1 COST — 75 €08 3]
General solution is

y(x) = Cicos2x + Cysin2z + Y (x)

Example 2: ¢ — 3/ — 2y = 2¢™*

45




To find a set fundamental solutions of 3y — 3/ — 2y = 0,

r2—r—2=0
(r—2)(r+1)=0
r=2, r=-1
n :eQx, y2:e—x
2x —x

yr Y2
Wi, T) =
[yl y2]( ) ‘ yi yé

/gyzdx _ / 2t et _2/63% _2
Wy, y2](x) —3e” 3 9

gy 277 . 2% / 2 2
da::/dx: 2, 2
/ Wly1, y2](z) —3e* 3 3

2 2 2 2
A particular solution is Y = —e?® . 66731 —e v ?:B = — < + x) e *

. e e
262m —e %

General solution is y(z) = C1e*” + Cye ™ + Y ()

2

0
gu_ a—z (heat equation)
X

E le 3:
xample T

u= e_”2ty(:z:), n=20,1,2,..

2
2 -n?t — antd )
n‘e " ty(x) =e 702
d?y
dz2 tv@) =0
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3.8 Mechanical and Electrical Vibrations

///////////////////////////////////////////////////////////////////////////////////////////////
//////////////////////////////////////////////////////////////////////////////////////////////

I+ L
still
I+ L+u(t)

still

vibrated

undamped free vibration

m: mass. k: spring constant.

[k [k
u = Acosy\/ —t+ Bsiny/ —t
m m

|k
= Acoswot + Bsinwgt wo = {/ —
m

= Rcos(wot — 0)

mu” + ku =0

B
Here A = Rcosd, B = Rsindor R =+ A2 4+ B2 tand = R

wp = 4/ —: in radians per unit time, natural frequency of a vibration.
m

2
T="". period of a vibration.
wo

R: amplitude.
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d: phase or phase angle.

Damped free vibration

mu” +yu' +ku=0, >0

oy EVYAAmk oy 141 4km
N 2m - 2m

1,2

)

72

72 —4km > 0: u = Ae™! 4+ Be™!
v —4km =0:u= (A+ Bt)efﬁ

\/4km — 2 >0

v —dkm < 0: u = e*%t(Acosut + Bsinput) = Re*ﬁtcos(ut +90), p = 5
m

A 2
R =+/A?+ B2 tand = B w2 quasi frequency, Ty; = T, quasi-period.
0

>
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Rcoséd

Damped vibration with external force

mu” + v v + ku = Fycoswt
~—

damped constant external periodical force

@y =0,w# wo

u = C1 coswot + Co sinwpt + cos wt

0
m(w3 — w?)

F
= Rcos(wot —9) + 5 0 5 coswit
m(wi — w?)

u(0) = 0, ¢/(0) = 0 (no initial displacement, no initial velocity)

E E
Rcosé+2702:0 ]%:—2702
m(wg — w?) = m(wg — w?)
—Rwgsind =0 §=0
E
u= Wo_uﬂ)(cos wt — cos wot)
2F, . (wo — w)t . wo t+w
= 3 5y sin sin t
m(wg — w?) 2 2
Example 1

v +u=0.5c0s0.8t
u(0) =0, u’(O) =0
u=2.77778sin0.1¢ sin 0.9¢
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Graph of v = 2.77778 sin 0.1¢ sin 0.9¢

2.77778sin0.1¢

AN RN B

T

(b) w = wg u = C1 cos wot + Cy sin wyt + 5

t sin wqt
muwo

t— 00 u— oo.

Example 2 u” + u = 0.5 cost, u(0) = 0, ¢/ (0) = 0 then u = 0.25¢ sin t.

\

This phenomenon is called “resonance’.

Review of Chapter 8 and 3
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Chapter 8

du
27— f(t
{ - f(t,y)
y(to) = vo
Given h > 0

Euler’s method:

Yn+l = Yn + hf(tna yn)
Fn+1 - tn + h

Ynt1 =~ O(tng1)
[Yn+1 — d(tns1)| < Ch

Heun’s method:

Ynt+1 = Yn + g[f(tm yn) + f(thrl, yn) + hf(tm yn)]

thy1 =th +h

Chapter 3:

{ ay” + by’ +cy = g(x)
y(zo) = o, ¥ (x0) =

I. The Wronskian

definition

Wy, yo) (z) :‘ zigg % ‘

if W{y1, y2](xz) # 0, then we say y; and y» are linearly independent.
Theorem Let y; and y2 be two solutions of

y" +p(@)y +q(x)y =0
Then Wy, yo) () = ce™ /P2
II. Homogeneous equations with constant coefficients

ay” +by +cy=0
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characteristic equation:

ar? +br+c¢=0

—b++vb? — 4ac
2a

1,2 =
1. 1 and r9 are real and different, general solutions is
y(x) = C1e™* 4+ Cae™*  (exponential)

2. 71 = rgreal

y(x) = Cr1e"™" + Coze™”

3. r1 and ro different complex

b ~ V/I? = 4ac]

_277 M
a 2a
y(x) = C1e™ cos ur + Coe™ sin pr, Ci:real Co: complex

ri2=Atpui, A=

III. Nonhomogeneous Equations: method of undetermined coefficients

Y +p(@)y + q(x)y = g(x)
_ a(a)g(x) )
Ve = ) [ i e | e

y(z) = Ciyi(z) + Caya(z) + Y (2)

IV (1) The Euler’s Formula

'™ = cos px + isin px
1 TUT —ipx
COS ux = 5[6 + e 'HT]
: i LT —iuT
sin px = —5[6 — e 'HT]

(2) Existence Theorem.

V: Application: Mechanical Vibrations

1. undamped free
2. damped free
3. undamped force

e beats
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® resonance
Examples

1. i =t? + 4% y(0) = 1. Solutions at t = 0.1, 0.2 with Euler method with h = 0.05.

2. y" =2y +y=2,9(0)=0,¢y'(0) =1.
Y =2 ty=a=>r"—2r+1=0=>(r—1)>2 =07, =ry = 1.

2x

y1(z) = e”, ya(z) = we”
ze®
T =€

Wy, ye)(x) = ¥ et 4+ e

LT TR

Wiy, yol () e
Using method of integration by parts:

2

v=ux", du=¢e*

dv=2xdr, u=-—e?

/x2e_xdx = 2% " + /Qxe_mda:

v=2x, du=e "

dv=2dr, u=—e"

/Qme_xda: = 2ze T + 2/e_xdx = 2z ¥ -2 7%

Mdm = / z”e” dr = /$2€_$dl' = 2% —2pe T — 27"

Wiy, yal () e
y1($)g(1’) T = re tdr = —pe~% — ™%
P [ =

Y(a)=2*+22+2 -2 -~z =a+2
y = C1e” + Coze® + x + 2.y (x) = C1e” + Cre” + Come™ + 1

{y(0)201+2:0

y(0)=Cr1+Cy=1 =2 G=3

3.2y + 2y +y=0.
224+ 2 +1=0,0>—4dac=4—8=—4 <0,

b _V/I* —dac] 1

1
2a 2P T 2 2

1
y(z) = 016_%9” cos ix + 026_%I sin 596
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Chapter 5

System of First Order Linear Equations

5.1 Introduction and Review of matrices

Brief introduction:

Example 1: an example of system of first order linear equaiton:

{ 2/ (t) = x(t) + 2y(t) + sin(t)
y'(t) = 2x(t) + y(t) + cos(t)

Example 2: higher order differential equations

oy =y y=y(t) Leta(t) =y (t)

z4(t) =y
o 0@ —y Lot T30 =2u(t) =y
PUTIE ) = a(0) = ah) = o
21(0) = ah(t) = 2(0) = 2 (1) = "

So the system of linear equations we are to solve is

$/1=$4
1}/221’1
xg=l‘2
T = 13
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General form: n > 0, z1(¢), z2(t),...,zn (%)

37/1 = prx1 + p12r2 + ... + P1aZn + g1(t)
Th = po1T1 + P22x2 + ... + P2nn + g2(t)

T = P17 + Pra®e + o + PunTn + gp(t)

Review of Matrix Theory:

(a)Definition

e M X n matrix

ai; - aip
A= : : : = (@ij)mxn = (a;j)
Am1 " Qmn
S
2

e vectors 3

= 10 -
e Transpose of A:
air o Gml
AT =
Ain " Amn |, om

e Conjugate : a;; = Real part of a;; — Imaginary part of a;;

e Adjoint of A: A* = AT
(b) Particular matrices

0 --- 0
e zero matrix: | ¢
0 --- 0
e square matrix A = (aij)nxn

1

e Identity matrix [ =

- - nxn

55
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ail

a9y O
O n—1n—1

e diagonal matrix: A = diag(a11, agg, ..., anyn) =

L ann |
ail
a2
e upper triangular matrix T
O ap—1n—1
L Gnn |
aii
) ) a2 O
e lower triangular matrix ..
Up—1n—1
L Qnn |

(c) Operations and matrices

e Equality: same size and same elements.
e addition: same size Ap,xn + Bmxn = (a5 + bij)mxn
e multiplication by a number: a A = (aa;;)

e multiplication by two matrices:
AB=C A= (aij)mxna B = (bjk)nxq

n

C = (ct)mxg: Cik = Y _ aijbjn
j=1

(ABC) = (AB)C = A(BC), but AB # BA

Examples: Az =7, a:Ty =7, zx =7.

5.2 Systems of Linear Algebraic Equations, Linear Independence, Eigen-
values, Eigenvectors

Systems of linear Algebraic Equations

a11r1 + a1axe + -+ - + a1pTn = by

a11r1 + aoxs + - + aipxy = by
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Given Az = b, if det(A) #0 = z=A""b

Example n = 2

o sl )= 1G]

Augmented matrix

122:»12?1
0 3 4 01 =
3

9 9

10 —= T =—=
01 = ==
3 273

Linear Independence

Def A set of k vectors :13(1), s %) is said to be linearly dependent if there exists a set of (complex)

numbers ¢y, ..., cx. At least one of which is nonzero, such that

Cll‘(l) + -+ Ck.'lj(k) = 0 (*)

On the other hand, if the only set cy, ..., ci for which (¥) is satisfied is ¢; = --- = ¢ = 0, then
x(l), SR 2*) are said to be linearly independent.
1 0 2
SUE W L 5 N (N NS W
Example: x 0 , T 0 , T 0
0 0 0

clx(l) + CQ.TJ(2) + 0337(3) =0

1 +2C3=0
2C5 +4C3 =0
0=0
0=0

Ci=—2Cy, Cp— —gcs, C1 = —2C4

For example {C}, Cy, C3} = {—4,—3,2}. So 2Y), 2(?) and 2 are linearly dependent.

Eigenvalues and Eigenvectors

Def A is a n x n matrix. If there exist a value )\ and a non-zero vector x such that
Ax = \x

then \ is called an eigenvalue of A and z is an eigenvector corresponding to A.
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e if x is a eigenvector corresponding to A, then cx is a eigenvector corresponding to cA.

e )\ satisfies det(A — A1) = 0.

e if Ais a Hermitian matrices (a;;) = a(ji), all eigenvalues are real.

Example 1: Find eigenvalues and eigenvectors for A = 3

4 -7

—4
—7—=A

Example 2: A = [ L ] Eigenvalue:

1- A
\A—m_[ A

10

=(1=XN(=T7T=AN)+16=X+61+9=(\+3)>=0

= )\1:)\2:—3

Eigenvectors: Find x such that Az = A\x

(A= Nz =(A+3)z= H :i] <x1>

4r1 —4xo =0, 4dx1—4,2=0 = 21 =29
(2)-(2)-(1)
Tr = = = €2
T2 9 1
. . 1
So the eigenvector is < 1 >

Example 3 A = [ ; ; ] Eigenvalue:

2
3—A

Ao =2-5

1- A
\A—m_[ A

= A1:2+\/5,

]:(1—)\)(3—)\)—4:)\2—4)\—1

58



Eigenvectors: Find x such that Ax = Az

(A—Al)x:(A—(2+\/5)m:[ (;f) 1_2\/5“%):0
+

— (14 V5)a + 283 =0 = a9 = < 2\f> T
X1 1
xro 4o
2 2
1
So the eigenvector corresponding to A} = 2+ v5is | 1+ NG
2
~1++5 2 1
A=)z =(A-(2- V5= =0
o= [ 155 2](2)
1—+5
:>(\/5—1>J}1—|—2J}2:0:>$2: 2[
1
So the eigenvector corresponding to Ao = 2 — V/5 is 1—+5
2

5.3 Basic Theory of Systems of first order linear equations

o General form:
a’ = p(t)r +g(t)

z1(t) pu(t) - pin(t) 91(t)
=1 |, plt)= : : : 9 =1
Zn(t) Pui(t) -+ Pan(t) gn(t)
Homogeneous System: (g(t) = 0)
¥ =pt)z
z11(t) z1a(t)
e Superposition Principle: If the vector functions (M = : and 22 = : are

Inl (t) .T}ng(t)

two solutions of 2’ = p(t)x, then the linear combinations CrzM 4+ Cy2?) is also a solution for any
constants C7 and Cs.
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11
Examplel.x—[4 E:

3t —t
wm_| € Y s | e 1] L
e P R B e Iy e e

Clegt + Cgeft :|

— 1) (2) —
= Ciz" 4+ Cox [ 9Cye¥ — 20t

The Wronskian

Consider n solutions of 2’ = p(t)z:

x11(t) z1n(t)
W= |, 2= :
Tp1(t) Ty (1)
z11(t) -+ zin(t)
Define X(t) = : : = [zM, 2@ ... 2]
Tnpi(t) - Tpp(t)

The Wronskian of these n solutions is defined by | W[z, - | 2] = det(X(t))

Example 1(continued)

Relation between the Wronskian of linear system and that of second-order linear equation:
Linear equation: 3" + p(t)y’ + q(t)y =0
Solutions: y1 (), y2(t)

Wronskian: Wy, yo] = det { yl/(t) ya(t) }

yit)  ya(t)
T1=y,22=y’ $/1 = T2

Transform to linear system: v’ + p(t)y’ + q(t)y ——= {
y Yy ( )y Q( )y 56/2 — —q(t)l'l —p(t)xz

i t) .
t) solution < z(1) = [ y1( solution
e y1(t)
t) solution < 22 = [ ya(
w0 it

Wiyt,y2] = WaW, 2] = det
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n)

General Solution: Suppose that vector functions M ... 2™ are n solutions of ' = p(t)z,

a <t < B. If there exists a point ty € [, (] such that

WiV, - 2"](to) = det(X(to)) # 0,
then the general solution of 2’ = p(t)z is

x=¢(t) = CraW () + CoxP(t) + - - + Crz™ (1) = X(1)C

Ch
where C' = :
Cr
1 00
Example2z' = | 0 2 0 |«
0 0 3
1 0 0
zM =10 et, @ =11 e 20 =10 |¢*
0 1
Cl€t
x = | Cye®’ | general solution.
C3€3t

5.4 Homogeneous linear systems with Constant Coefficients

Consider ' = Az, A: constant matrix of n X n.

Seek the solution of the form
rt

= E&e
where r and the constant vector £ are to be determined.
¥ = Ax = rée™ = Age™
AE =rfor (A—rDE=0

This implies that if 7 and ¢ are an eigenpair of A, then z(t) = £e"" is a solution of 2’ = Ax. If A hasn
eigenvectors:
AW = N eM oo A = ¥ ™)

and W[g(l), SR (n)] = 0, then the general solution is
2= o) = CreMeMt 4. 4 e it

Examples
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o A =diag(2,—-3,4)

1
Eigenvalues are 2, —3, 4, corresponding eigenvectors of { 0 ] s { 1 ] , {

a-[1 3]

det(A — M) = '

1—

A 3

2 0 — )2 _ _
3 2_/\‘—)\ 3N+2—-9=\ 3N=T

A1 = —1.5414, Ao = 4.5414.

Ao =
1,2 2,

—bi\/b2—4ac_3i\/§:>
2

Since A =X = (A—A)E=0

A = —1.5414: [ 1

0 S ][2]12)

1
2.5414x, + 319 = 0 = [ 1 ] — [ 2.5414 ] — [ L ]3:1

T2 —0.8471

3

1
S0 &1 = { —0.8471 ]
1—4.5414 3 ~3.5414 3
Az = 45414 [ 3 2 — 4.5414 } B [ 3 —2.5414 ]
3
2= [ 3.5414 }
e 1 (15414t | o 3 pA-5414t
Y| —0.8471 ?| 3.5414 '
11
« A= [4 1 }
1-x 1 2
det(A-AD)=| " 7 =N -20-3=(A=3)A+1)=0
A =3, A=-1
-2 1 1
eoni=[ 3 ]3]
2 1 ~1
ona=[2 4]0 [ 7]

1‘201[;]€3t+

Summary: z’ = Ax

1 4
02[ 9 :|€ .
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e case 1: A Hermitian: a;; = @;;. Every eigenvalues or a Hermitian matrix are real, and all the
eigenvectors are linear independent.

AW =@ =1, n, WIEW o M £
g = ¢Mert o g = c()grat
x=CeWent ... 4 0, eMernt
e case 2: A non-Hermitian, that is Ax # A, A real.
(1) All eigenvalues are real and distinct.
Af(i) — rif(i), i=1,---,n
x=CreWent ... 4 0 eMernt

(i) Some eigenvalues occur in complex conjugate pairs, others are real and distinct.

(iii) some eigenvalues are repeated; others are real and distinct.

5 3
ExamplelA—[3 5]

‘5—/\ 3

32 () _ _
] 5_)\‘_)\ 10A+16 = (A — 8)(A — 2)

A =8 =2

. [5-8 3 o [1
4 Al[‘[ 3 5 8]:>5 _[1]

A—)\QI—[5_2 ¥ ]:>§(2)— [ _1}

3 5-2 1
1 14
Example 2 A = [ 1—i 2 }
1—X 1434 . . 2 9 2
1—i 2. =(1-N)2-N)—-(1+9)(1—i) = A" =3A+2—-(1—7%) = A*=3A+2-2 = A(A-3)

)\1:Oand)\2:3.

B o 1 1+ a _ | 1+

B . -2 1+ @) _ 1+
[ 2 ey

mzcll:1_—1—1Z:|€0t+02|:1+7/:|€3t:01|:1+Z:|+C2|:1+Z:|e3t



5.5 Complex Eigenvalues

To solve ' = Ax (*)

A is a real matrix and has a complex eigenvalue. 1 = A + iu:

A§(1) _ r15(1) N @ _ @ - Ag_(l) _ .g(l)

= 7, is also an eigenvalue and the corresponding eigenvector is ¢! ),

2D = ¢Merit 22) — g0 it
Craz) + Coz® = C1eWent 4 OpeWemt = 01eWemnt 4 CocMer

Let €M) = a+ib, 1 = XN+iu, et = eM[cosut + isin put], where a and b are real vectors.

Wert = (a4 ib)eM (cos put + i sin ut) = e [a cos ut + i(bcos ut + asin ut) — bsin ut]

£ =q—ib, FL=X—ip, e =eMcosput—isinpt]

EWemt = (g — ib)eM (cos ut — isin ut) = e [a cos ut — i(bcos ut + asin ut) — bsin ut]

1
ifC; =Cy = 5 CrzM + 052) = Re[¢We?] = | e™[a cos ut — bsin pt] | + a real solution of ().

1 1
if Ch = ?,Cg = 5 CizM + Cyz® = Im[¢We™Y] = | eM[asin ut + beos ut] | < another real
i i

solution of ().

Summary

ry=A+1iu, 5(1):a+bi
Fl=A—ip, &Y =a—bi

Two real solutions are

eMacos ut — bsinut], e [asin ut + bcos ut]

If rs,...,r,, real and distinct, the general solution

z = CreMacos pt — bsin pit] + Coe™ [asin pt + bcos pt] + C3EPe™t 4 ... 4 CpeMemt
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1
—— 1
Example 1: 2’ = i 1|z
2
9 1
|A_7~[|:(———T)—|—1:0:>—§—7’::|:Z
1+_ 1 _
rn=——+41i ro=———1=T
1 2 ) 2 2 1
11
A—T1]—|:_1 :|

| -1 —4
Example 2: x —[ 1

A—rl|=(-1-7r)2+4=0= (-1-7)’=—-4 = —1—r==2
r=—142, rg=-1-2i =>A=-1 p=2

—2i —4 2
_ _ 1 —
A—rl 1 9 } = £ [ i ]

2'_ | o0
@=[3] (]

r=Cre (2) ] cos 2t — [ _01 ] sin 2t) —|—026_t(|: g ] sin 2t + [ _01 } cos 2t)

5.6 Repeated Eigenvalues

¥ = Ax
If r = ry is ak-fold root (r; = 2 = - - - = 73,) of the equation
det(A—rI)=0

then r is said to be an eigenvalue of multiplicity £ of A.

Now we assume that » = 7 is an eigenvalue of multiplicity 2. Suppose

Ag(l) — 7«15(1) (5(1) #0)
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z = & (et s a solution of 2/ = Az. Seek another solution in the form:

22 — f(l)terlt

dr(2)

— A2
o Ax

However, by

é-(l rit f(l)terlt Af(l)terlt

OI'§ erlt 4 §(1 eT‘1t — Tlg(l)terlt

= ¢Went =0 = ¢ =0 (conflict)
Seek another solution in the form:
2@ = ¢Wygerit 4 netit
dr(?
BY 4

— A$(2),

f(l)erlt I f(l)tnerlt T nrient = T1§(1)ter1t 1 Apent
= (A—rln =Y (x)

since det(A — r11) = 0. (*) may not have solution

General solution: | = C1£Memt 4 CyteMert 4 et

, 4 -2 T
ExampleIm—[8 REZ z(0) = 0

A—rl|=(@A—r)(—4—71)+16=1"-16+16=1"=0 = r1 =ry =0

4 -2 1

_ — (1) _
A nf_[8_4}:g _[2]
(A—onp=¢W

4 =2 m . 1

8 —4 2 N 2
{ dm —2m2 =1

8m — 4ng = 2

411 — 219 = 1 = one such solution is 7 = [ 3}2 ]
2 — g 5(1

2@ = Wt 4 pe® = Wt + =1t [ ; ] " [ 3}2 ]
c=ar|yran(t] 5] +] 4 ])
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= Ci=-3, (Cy=14

Example 2: 2’ = -l } x

A—rl|=(1—r)B-r)+l=r—drtd=(r—22=0 = r =ry=2

e[ e

=10 =1
A_9Nn=e® :>{ =12
( n=¢ m+mn=-1

n1 +n2 = —1 = one possible solution is n = [ _12 }

o[ ] ] 5]

Review of Chapter 7 System of First-Order Linear Equation

(t)

= (@jj)nxn, @ij constant.

Q

/
xT

/
€T

P(t)z +
Az, A

Section 7.4 Homogeneous system x’ = p(t)z:

e Superposition Theory.
e The Wronskian.

e General solutions

Section 7.5 Homogeneous system with constant coefficients 2’ = Ax:
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e case 1: A Hermitian: a;; = @;;. Every eigenvalues or a Hermitian matrix are real, and all the
eigenvectors are linear independent.

AW =@ =1, 0, WIEW o M £0
e = ¢Mert . g — c(M)grat
z=C&Went 4.4 O eMernt
e case 2: A non-Hermitian, that is Ax # A, A real.
(1) All eigenvalues are real and distinct.
AW =@ =1, n, WIEW o M £
x = CreWent ... 4 OpeMernt

(il)) Some eigenvalues occur in complex conjugate pairs, others are real and distinct.
The simplest case is that:

rr = A+ ut, ro = X\ — ui, r3,...,ry, real and distinct. Then we can find n eigenvectors
€W €M guch that

AEW =M AE@ = ppe®@
AE® = r3e® A = g ™)

where & M) and & ) are complex and & (3),...,§ (") are real.
Let €0 = g + ib, then €& = q — ib.

z(t) = CreM(acos ut — bsin ut) + Coe* (asin ut + bcos ut)
+ O3@emst 4. 4 0 M ernt

(iii) some eigenvalues are repeated; others are real and distinct.
The simplest case is r; = rp real, and r3, - - - , r, real and distinct. Then the general solution

T = Clé(l)eTlt + 02 [tf(l)erlt + 7767’115] + 035(3)6T3t N Cnf(n)CTnt

where 77 is given by (A — r11)n = €1 Since det(A — r1I) = 0, 7 may not exist.
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Chapter 4

Higher Order Linear Equations

The thoeretical structure and solution methods developed for 2nd order linear DEs can be extended to 3rd

order and higher order linear DEs.

4.1 General theory of nth order linear equations

General forms:
dn—l

d
Lyl = —~ +P1(t)W_31/ 4ot Pu o+ Pay = g(t)

or

dt

Ly = y™ + Pi(t)y" Y + - 4+ Po1y + Poy = g(t)

n initial conditions
y(to) = o,

Existence Theorem:

y'(to) = Yo,

D o) =y

If the functions Py,Ps,...,P,, and g are continuous on the open interval I, then there exists exactly one
solution y = ¢(t) of the IVP. The solution is valid throughout the interval .

Assume n solutions y1, 42,...,4n are known for the homogeneous equation

y" + Pty o Pacay o+ Py =0

General soln:

y(t) = Clyl(t) +ooet+ Cnyn(t) (*)

Solutions for IVP satisfies the ICs, i.e.

Chyi(to) + - - + Cnyn(to) = yo
Ciyy(to) + -+ + Cryl (to) = o
O™V (t0) - Gyl (k0) = g
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there is a solution C1,...,C, of this linear system if and only if

y1(to) Yn(to)
v (to) s ynl(to)
g te) -y (to)

Thus, (*) is the general solution <=> there exists a point to ¢y such that Wyi, ..., yn](to) # 0.

The general solution of the inhomogeneous equation:

Yy = Clyl(t) +oot Cnyn(t) + Y(t)

where yi(t),--- ,yn(t) are linearly independent solutions of the homogeneous equation and Y (¢) is a
particular solution of the inhomogeneous equations.

Linear dependence of n functions:

There exist n not all zero constants k1, - - - , k,, such that
kiyi1(t) + -+ + knpyn(t) =0, forallt el
Example 1 existence interval:

ty" + sin(t)y” + 3y = cost

sint , 3 cost sint 3

.. . cost )
Soln: divide t from the equation, we have y"" + Ty + ;y =5 1% and —~ are continuous

on (—o0,0) U (0, 00), which is the existence interval.

Example 2 linear dependence:

i)y =2t=3, [ folt)=t*+1, fy=2t2—1

[ f1 f2 fs
210 1 2
t 2 0 0
113 1 -1
0 1 2
1 2 1 2 1 2
2 0 0 :—2’ ’+(—3)' ‘:—2' ':6
1 1 -1 00 1 -1

So they are linear independent.

Abel’s theorem:
y™ + P(t)y™ ) 4+ Py =0

then
W[y17 ceey yn](t) = Ceffpl(t)dt
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Example 3 Find the Wronskian of 1, cost, sint and from DE and Abel’s theorem
y/// _|_ y/ — O
1 cost sint
0 —sint cost |=sin®t+cos’t=1%#0
0 —cost —sint

"

Easy to check that 1, cost, sin ¢ are solutions of 4"’ + 3’ = 0. According to Abel’s theorem,

W1, cost,sint|(t) = CeJ0dt — . 0+Ch £0.

4.2 Homogeneous Equations with Constant Coefficients

Lly) = aoy™ + a1y™ ™V + -t a, 1y +any =0

Look for solution in form of y = €.

Characteristic equation:

1

apr” + a1 4+ cap—1r+a, =0

e case 1: Real and unequal roots: 71, ro,...,r,,. General solutions:
y(t) = Cre™t + Cre™! + - 4 Cpe™™?
e case 2: Complex roots:

ri=A+iu = 71 =\ —ipisalsoarot

A sin ut

yi(t) = eMcospt ya(t) =e
e case 3: repeated roots. r; is real root with multiplicity s(< n).
= et temt 2emt ... 571 roots

r1 = A 4 ¢ complex root with multiplicity s:

eMcos ut, teMcosput, -, 5 eM cos ut
eMsin ut, teMsinput, -, t° " eM sin pt
Example 1: y(4) +y=0.
M41=0 = r*=(-DRe”’, R=1,0=n+2mnr
pd = lmt2mm) = gilmt2mm/e -y —0,1,2,3, -
r=e'i, ei%, ei%, T
147 —147 —1—7 1—1
TR VI VR VR
_t_ t Lt _t t .t
y(t) =ev? C’lcosﬁ —i—Cgsmﬂ] +e V2 |:CgCOS\/§ +C481n\ﬁ

71



Example 2: Y — " =0

=0 Pr?-1)=0 r*r-1)(Fr+1)=0
rr=r9=0, r3=1 rg4=-1

Y= C1% + Oyt + Csel + Cue™t

= C1 4 Cot + Cze + Cue™t

Example 3: """ — 3y +3y —y =0

=3P +3r—1=0 1 —1-37+3r=0
(r—=1)*+r+1)=3r(r—1)=0 (r—1)F*—2r+1)=0
(r—=1(r—-1%=0 (r—1°=0

7“127"2:7'3:1

y = Cre! + Cyte' + C’thet

4.3 The method of undetermined coefficients

apy™ +ary" Y - a1y’ + any = g(t)
Example 1: "' — 3y" + 3y’ — y = 6¢'
y" =3y +3y —y=0 P =3r*+3r—1=0 (r—17°=0
y(t) = Cret + Cotel + Cst’et + Y (1)
Y (t) = At3e'| A to be determined
V' = 3At%e! + Atde!
Y" = 6Ate’ + 3At%e!t + 3At%e" + AtPet = 6Ate! + 6At%e" + AtPe!
V" = 6Ae + 18Ate! + 9At?e + At’e!

Since for y = e, te!, t%e!, v — 3y" + 3y’ —4 =0, it must be 6Ae! = 6e’ = A = 1.

y(t) = Cre’ + Cote! + Ost?e + 3¢t
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Example 2: """ — 4y’ =t + 3cost +e %

"' =4y =0, B —4r=0 r=0,ro=2 1r3=-2
y(t) = C1 + Coe® + C3e™ 2 + Y (1)

y" — 4y’ =t: Yi(t) = t(Aot + A1)

y" — 4y = 3cost: Ya(t) = Beost + Csint

Y" — 4y =e 2 Yi(t) = Bte

1
Yl/// — 4Y1/ = —(2A0t+4A1) = AO = —5, A1 =0

3
Yy" —4Yy = Bsint — C cost +4Bsint — 4C cost = 5Bsint — 5C cost = 3cost = B =10, C = —
1
Yy —4Y] =8FBe ' =¥ = E = 3
1 3 1
Y = ——t* — Csint 4 —te”
2 ) 8
Example 3: "' — ' = te”' 4+ 2cost
P —r=0, (r—1)*+r+1)=0, 7 =1, r3complex
\ 1 V3
r3:A=—= pu=-—
T2, '3 5 H 9

3 3
y(t) = Ciel + e~ 1/2t <C2 cos \gt + C5sin {t) +Y(t)
y" —y =te”t: Yi(t) = (Ao + Art)te™
y" —y =2cost: Ya(t) = Bycost + Bysint
Y{" - Y] =4A1te™" + (249 — 641)e”!, A =
Yy — Yy = 2Bysint — 2By cost, By=0, By

3 1
Y = <4 + 4t> te”t —sint

4.4 The method of variation of parameters

v + o0y 4 (DY + pa(t)y = g(1)
solution to homogeneous equation
yc(t) = Clyl (t) +-+ Cnyn(t)
Look for
Y(t) = ur(®)ya(t) + - - + un(t)ya(t)
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Wronskian

a1 Yn
! !
yl yn
W[yla : ,yn] (t) = : .
71 _
y Y yiY
0
0
Replace the mth column of W{yy, - -+, y,|(t) with )
1
Y1 Ym—1 0 YUmt1 Yn
/ / O / /
Wm(t) _ U1 Ym—1 ym—l—l Yn
-1 1 _
l/gn ) 7(7?—1) 1 ygl-i-ll .%(zn 2
N o g()W,,(s
=Y le) [ L
m=1 t
Example 1: """ — " — o/ +y =t,y1 = €', yo = te!, y3 = e . Find Y (¢).
et tet et
W(t)=|¢e e +te et | = 4.
el 2et +te et
0 tet et
Wit)=10 e +ted —et|=-2t—1.
1 2 +te! et
et 0 et
Wot)=1]e" 0 —et|=2.
et 1 et
et te! 0
Wi(t)=| e e+t 0]=e*
et 2et et 1
t(=2t—-1) 1, —t Lo —t_ Lo
/ b= (5t 5)e yi(t) - (P 5t 5)e! = (8 4 5t +5)
+ et te t+ et 2+t
20— O A
te2t tet — et tet — et t—1
—dt = t) - =
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—t2 4+ 5t — 3
Y(t):f

"

Example 2 v + ¢/ = tant
P rr=0 r*+1)=0 r=0 p=1
y1 =1, yz=cost, y3=sint

1 cost sint

W(t)=|0 —sint cost |=cos' —sin’t
0 —cost sint

0 cost sint
Wi(t)=1]0 —sint cost |=1

1 —cost sint

1 0 sint
Wo(t)=10 0 cost |=—cost

0 1 sint

1 cost O
Ws(t)=1]0 —sint 0 |=—sint

0 —cost 1

——dt= | ———————dt=— | ———————dcost = — | ————=d
/ cos? t — sin?¢ / cost(2cos? —1) / cost(2cos? —1) o8 u(2u? — 1) "

1 1 = 1
— / u(idu =Inu— 5 In(2u? — 1) ““E£ " In(cost) — 5 In(cos 2t)

2u? — 1)
tan {(— cost?) dcost 1 NG
/ 2co8?t — 1 /2(:05%—1 /20082u—1 " g arcian (Vat)
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Chapter 4

The Laplace Transform

Integral transforms are a class of most useful tools for solving linear differential equations. We are going
to study one of these transforms: the Laplace transform.

4.1 Definition of the Laplace transform

Consider a function f(¢) defined for ¢ > 0. Define a new function

Lif}y =) = [ et (o)

0
Improper integrals:

/aoof(t)dt:AlEr(l)O/aAf(t)dt

divergence, convergence, existence

Examples:

o ()=

> 1
/ etdt = —e
0 ¢ o

¢ > 0: e“> = oo, divergent, so the improper integral does not exist.

o0

(o)
1
c < 0: e“*° = 0, convergence, so/ etdt = —=.
0 &
1
t) ==
. (1) =+
>*1
/ —dt = Int|g°
o T
In0 = —o0, In co = oo. divergent.
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o f(t)= %2

> 1
/ —dt = -t
t
0

1 1 .
— = 00, — = 0. divergent.
0 00

Piecewise Continuous: A function is said to be piecewise continuous on an interval a < ¢t < g if the
interval can be partitioned by a finite number of points o = tg < t; < - -+ < t,, < ( such that

1. fis continuous on each open subinterval t;_; <t <t; (i =1,---,n).

2. f approaches a finite limit as the end points of each subinterval are approached from within the
subinterval.

Examples:

o f(t)=tant, 0<t<m7

\

—1, forte[-1,0)

) 1, forte]0,1]

I
—N—
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4

1, forte(0,1)
%, fort € [1,2)
s 1=
- fort € [n—1,n)

S 4

Existence of integrals

A
Property 1 If f is piecewise continuous on an interval ¢ < t < A then / f(t)dt exists.
a

A
Property 2 If f is piecewise continuous for ¢ > a (or t < [a,0)), then / f(t)dt exists for each A > a.
a

o] A
Example / f(t)dt exists if / f(t) exists?
a a
1 1
f(t)z;, t>1, gdtzln(oo)—lnlzoo.
1

78



Property 3 (Comparison Theorem, 6.1.1) Consider a function f defined ¢ > a which piecewise continuous.

o0

(@) If | f(t)| > g(t) where t > a for some positive constant M, and if / g(t)dt converges, then
M

/ f(t)dt converges.

(b) If f(t) > g(t) > 0fort > Mandif/

oo
g(t)dt diverges, then / f(t)dt diverges.
M a

Example: Suppose that (a) f is piecewise continuous on the interval 0 < t < A for any positive A.
() |f(t)| < Ke™ whent > M, where K, a, and M are real constants and K, M positive. Then,
o0

e St f(t)dt exists for s > a.
0

The Laplace transform:

Examples

& 1 * 1 1

o {1} = / e Stdt = —e S| = —Z[e7® - = -

0 —5 0 S \;/ S
00 1 o0 o0, s<a

o L{c"} = / e e tqt = ——elom9t) = 1
a—s s> A

0 0 s—a’

o L{sin(at)} = /000 sin(at)e”5'dt = %—1—32 (s >0)
Properties: o, 5 numbers, f(t), g(t)
L{af(t) + B861)} = aL{f(t)} + BL{g(t)}-

4.2 Solution of Initial Value Problems

Theorem 4.2.1 Suppose that | f ()| < Ke™ fort > M. Then,
L{f'(t)} = sL{f(t)} = f(0). (s>a)

Generalization:

L{f™ ()} = S"L{f(t)} = s" 7' f(0) = -+ = f(n = 1)(0)
L{f'(t)} = sL{f(t)} — f(0)
L{f"(t)} = s*L{f(8)} — sf(0) = f(0)
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Examples:

oy —2y —2y=10,9(0)=2,4'(0) =0
Sol:
y'(t) —2y'(t) — 2y(t) = 0
L{y"(t) — 2¢/(t) — 2y(t)} = L{0} =
L{y"(t)} — 2L{y (1)} — 2L{y(t)} =

Define: Y'(s) = L{y(t)}

L{y' ()} = sY(s) = y(0) = sY(s) — 2
L{y"(t)} = s°Y (s) — sy(0) = /(0) = s*Y (s) — 25
[s2 - Y (s) —2s] —2[s - Y(s) — 2] — 2V (s) = 0
[s2 =25 — 2]V (s) =25 — 4
2s —4

Y =
(5) 52 —25—2

The inverse Laplace transform:
y(t) = L7H{Y (s)}

o v/ + 9y = cost

4.3 Step functions

Definition of the unit step function:

0, fort<c
uc(t)—{ 1, fort>c

or 1 — u.(t)

Hat function

0, fort<a
f)=1 ¢ fora<t<b =|clua(t) - w(t)]
0, fort>b
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Examples: Express the following functions in terms of unit step function.

0, fort<2
o f(t)= 1, for2<t<6
0, fort>6

Sol: = ua(t) — ug(t).

A\

\

1, 0<t<l1
e f()={ -2, 1<t<2
3, t>2

sol: f(t) = [u(t) = ur ()] + (=2) - [ur () — wa(t)] + 3 - ua(t)
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5 4

14+
921
—-341
t, 0<t<l1
o f(t)y=¢ t—1, 1<t<?2
t2, t>2

Sol: f(t) =t [u(t) —ur(t)] + (t — 1) - [ur(t) — uz(t)] + 12 - us(t).

Translation of a function

e Givenb >0

— f(x — b) is the translation of f(¢) to the right by b units.
— f(x + b) is the translation of f(¢) to the left by b units.
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o u.(t)f(t) is the cut-off of f(t) at c.

e u.(t)f(t —b): move f by b units ((a)to the right, if b > 0; (b) to the left if b < 0). And then cut off
f(t—0b)ate.

uz(z) - f(z —2)

\

Laplace transforms: Suppose F'(s) = L{f(¢)}

o L{uc(t)f(t—c)} =e “F(s)
o u(t)f(t—c) =L {e =F(s)}
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Example 1: Given

sint, 0<t< %
f(t) = . s
sint + cos(t —w/4), t> 1
find L{f(¢)}.
A
3 £
2 £
1 +
-1 0o 1 2 7 8

14+
91
73 4

Note that f(¢) = sint + g(t), where

cut off at
T
0 t<— T4
gty =4 4 = TR cos(t—7/4)
cos(t ——), t>— N
4 move cost to the

right by 7

L{f(t)} = L{sint} + L{uy 4 cos(t — m/4)}
= L{sint} + e~ 7 L{cost}

1 e—7rs/4 S
241 s?+1

Table of Laplace Transform

Integration Table
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f(?) F(s) = L{f ()}
af(t)+bg(t) | aF(s) + bF(s)
() SF( ) — f(0)
(1) (S)—Sf( - 1'(0)
F "F(s) =" f(0) = s"2f(0) — - — £ I(0)
tf(t) —F'( )
t"f(t) (~1)"F"(s)
f(at) )
f(t+a) unkown
uaf(t —a) | e”*F(s)
e f(t) F(s—a)
u(t) ;
u(t —c) %
1 I
J SO
3 e Nisinteger
e—oct 1

s+«
sin(t) 1 +132
sin(at) = i 2
cos(at) 1 sz
cos(at) %_1_82

Examples: Find the inverse Laplace transform of the given function.

3!

o G(s) = G2t

Soln: Let F(s) = L{t3} = f—i. Then G(s) = F(s — 2), LTY{G(s)} = e*'t3.

2s+2
GO = s ts
G(s) 25+ 2 25+ 2 s+1
S) = = = - —_— —
$24+2s+5  (s+1)2+4 (s+1)2422

Let F(s) = L{cos2t} = ﬁ Then G(s) = F(s + 1)

L™YG(s)} = e cos(2t)
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2(s —1)e=2¢

* Gls) = s2—2s+42
. _ —92s S — 1
Soln: G(s) = 2e 7(5 Dt
Let F(s) = L{cost} = ———. Then G(s) = 2¢ > F(s — 1)

L™YF(s—1)} = el cost
L™ Ye ™ F(s — 1)} = ug(t) - "2 cos(t — 2)

L2 e F(s

. Gs) =
26—35

s2—4

Let F'(s)

L7HF (s - 2)} = e*u(t),

=2e35.

26733

52 —4

(s
= L{u(t)} =

L e (s —2)} =

L He ™ F(s+2)} =

g(t) =

%[U3 (t)€2(t73)

replace ¢t by t — 2

— 1) =2-uy(t) - e cos(t — 2)

]. o —3s 1
)| P L—2
! ,then G(s) = 1e*:)’l‘/[F(s —
s 2

ug(t) - 2t — 3)

multiply u3(¢), and replace t by t — 3
us(t) - e 23yt — 3)

multiply u3(¢), and replace t by t — 3
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LYF(s+2)} = e 2u(t)

= U3(t)€2(t_3)

= ug(t)e 2079
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Chapter 6

Numerical Methods

Consider IVP

E = f(tvy)7 y(tO) =Y

Numerical methods

Given a set of discrete time instants
fo<t1 < <t, < - <IN

want to find approximations of the solution, i.e.,

Often: for a positive time step h > 0
to, tr ="to+h, -+ Jtpy1 =t + Ry

th =to+nh, n=0,1,.... N

6.1 Euler’s method

Derivation
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e Given (to,yo) — (thyl)-

tangent line: y — yo = f(to, yo)(t — to)

Sett =t1 = y1 = yo + f(to, y0)h. h = (t1 — to). If hvis small, (hope) 11 ~ ¢(t1).
e Given (t1,y1) — (t2,92).

tangent line: y — ¢(t1) = f(t1,¢(t1))(t — t1)
approximation tangent line: y — y1 = f(t1,y1)(t — t1)

yo = y1 + f(t1,y1)h, h small = yo ~ ¢(t2).

e Given (tn,Yn) — (tn+1,Yn+1)

Yn+l = Yn + f(tna yn)h

Euler’s method:

‘yn—&-l :yn+f(tn7yn)h7 n=01,---

Error estimate:
Let y = ¢(t) be the exact solution.

absolute error: e, = |y, — ¢(t,,)|

|yn - ¢(tn)|
|(tn)]

increment: Ay, = hf(tn,Yn), Yn+1 = Yn + Ayn

relative error: ¢,, =

Example 1: Euler’s method. ' = ¢,/y, y(2) = 4. Use two steps with h = 0.2
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Example 2: ¢/ = t,/y,y(2) = 4.

£2\?
Exact solution: y = <1 + 4)

(a) h = 0.2, 20 steps. (b) h = 0.1, 40 steps. (c)h = 0.05, 80 steps.

n ty Yn f(tnv yn) Ayn Yn+1
0] 2 4 2x V4 =4 0.8 | 4.8
122 48 |2x+4.8=4.382| 0.876 | 5.676
224715676

h=0.2
h=0.1
h =0.05

exact soln

v

Derivation II: (Integration method)

y = ¢(t) the exact solution of IVP {

tn+1

Thus, ¢'(t) = f(t, (1)), =

in

y/ = f(ta y)
y(to) = yo

¢(t)dt = / i o))t

So ¢(tn+1) — ¢(tn) = f(tn, d(tn))(tns1 — tn)

or ¢(tn+1) = ¢(tn) + f(tnv ¢(tn))(tn+1 - tn) >~ Yp + f(tny yn)h

89




Backward Euler method:
D(tns1) — d(tn) ~ f(tns1, @(tnt1))(tns1 — tn)
¢(tn+1) ~ Qb(tn) + f(tn-i-lv ¢(tn+l))h ~ Yn + f(tn-‘rla ¢(tn+1))h

Define: ynt1 = Yn + f(tns1, Yns1)h

Thus, the backward Euler method is also called the implicit Euler method (because the new time approx-
imation is implicity defined).

Convergence analysis

One of the most important questions studied in Numerical Analysis.

Convergence: As the step size h — 0, do the approximations of the solution y1, y2, ..., Y approach the
corresponding values of the exact solution? How fast?

Error (Global): e¢,, = ¢(t,) — yn-

Local truncation error: 7, is the error in one step caused by the discretization (i.e. by assuming y,, =

¢ (tn)).

Local truncation error of Euler’s method

Yn+1 = Yn + f(tmyn)h

Consider a time period: ¢ € [0,7]. Assume that ¢ = ¢(¢) has continuous 2nd order derivative, i.e. ¢” (t)
continuous in [0, T']. (This can be shown by assuming f, f,, f continuous.)

M — Ilt <
2 = max |¢7(1)] < oo

Taylor Series:

H(tusn) = 0lt) + &/ (1) + D)
2
Bltns2) = O{tn) + F(tn, b(L))h + o 6"(D)
2
¢(tn+1) —Yn+1 = ¢(tn) —Yn + [f(tm ¢(tn)) - f(tny yn)}h + %QZ)//(E)

2
it = ent [t 0()) — Flt y)lh 20D

Assuming y,, = ¢(t,,) (i.e. e, = 0), then

h2
Tn+1l = En+1 = ?Qb(a

h2
S| < ?M2
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It can be proven that
lent1] < CiN|mp41| < Ch

Euler’s method is a first order method method = the order of |7,,| — 1.

Exercise Backward Euler: y,, .1 = y, + f(tn+1, Yn+1)h

2
Bltn) = Oltns1) = (tns)h + o)

or

h2
Qb(tn-i-l) = Qb(tn) + ¢/(tn+1)h - ?(ﬁ”({)
2
= 6(ta) + Ftnsr, O{tns))h — 26" (D)
h2

ent1 = en + [f(tns1, (tnt1)) — f(tns1s Yns1)]h — ?W(Z)

_ h?
lent1| < len| + [ fy(tns1,9)| - |ens1]h + ?Mz

Let My, = max | fy (t,1)].

h2
(1= Migh) - lensa] < len] + 5 Mo

1
If e, = 0 and A is small enough, such that M, h < 3 then

|Tna1] = lens1] < W2 My

6.2 8.2 Improvements on Euler’s Method

Integration method

tna1 tnt1
L/ w@ﬁz/ F(t, 6(2))dt
tn tn

¢(tn+1) = ¢(tn) + %(tn—i-l - tn)[f<tm ¢(tn)) + f(tn—i-b ¢(tn+1))]
[f(tnv ¢<tn)) + f(tn-l-l’ ¢(tn+1))]

| =

2yn‘f'z

One way: define implicitly y,11 through:
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h
Yntl = Yn + §[f(tm Yn) + f(tns1, Yni1)]

h
Another: ¢(tp+1) >~ yn + §[f(tn, Yn) + f(tns1, Yn + f(tn, yn)h)]

Define

ﬁ[f(tna yn) + f(tn—i-la Yn + f(tm yn)h)]

Yn+1l = Yn + 9

This is called "the improved Euler method” or "Hewn’s method”.

Convergence properties

[Tt < Ch?

lent1]| < Ch? (second order method: if a step size is reduced by a factor of 2, error is reduced by a factor
of 4).

formula for computation by hand: Let

A73/71 = f(tna yn>h

4 yn+l = Un + A_yn

Ay, = [(tni1, Gns1)h

1 J— frm—
® Ynil =Yn+ i(Ayn + Ay,,)

Example 1 Comparison of errors using Euler’s method and Heun’s method.

Y =1—t+4y, y(0)=1

Euler’s Heun’s

t | A=0.01] h=0.0011 h=0.025 | h=0.01
0.1 | 1.38e-2 1.41e-3 1.10e-3 1.83e-4
0.5 | 3.35e-1 3.49e-2 2.71e-2 4.54e-3

Example 2 ¢/ = 2y — 3t, y(0) = 1, h = 0.05, find approximate value at t = 0.1 using Heun’s method.

tn UYn Ayn Yn+1 Ayn Ayp Yn+1
0 1 0.1 1.1 0.103 | 0.102 | 1.102
0.05 | 1.102 | 0.103 | 1.205 | 0.106 | 0.104 | 1.206
0.1 | 1.206

N = OB
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