Mesh QQ(,G.P’JL!SX"J'LJQI“} — Equidis & Bt (Pr"fncg:".glgl\l\)

-3

Basic [ dea

> An @_I’DTLM&%Q"\‘Laﬂ Dra\o\em

= L\dq\éksﬂ"m‘?u\“}una Me<h

Basic fQLea_ of mMegin oda ptatian

to place Mere points n vesiens whera

[V
e eyvrav s Greo (or Hho selutics has

(O\N:o \Jqﬂqﬁun\ G\f\o\ \esg D&Uﬂ“\‘& LN

Y‘ﬁ’a\uar\s kheﬁe +le eryov (5 Spma\y (o

%.@ %u)q*’ggm = )MGG+L1>.

N N
/\
Z——t—— t \ - %__ 14—._4:&% al,
e
O OTTT ch'\ wae:sl,.\ ‘_g

an QOK@YJ{'H/EQ lMp5\z\ (S

‘E’jOo‘n ’r&ﬁ -l'uvxc,“\‘cn@

Needed for funchisns H\li—

hoave nen-snpot-h V\Q,a,ﬂfd/l_s

@ : MO\+L|PMOCH(‘&‘ d?éC_ﬁ(&l_’)"f&‘}ﬁ oi} 'va( Fé)fif{(@ [;'(\leax i




Aﬂ CD\O'\'EMCQTCQ‘T pro b)@m

Prob) Gl Conelder a duatiien U= U6 dekined

ON ﬂ ond Q& Dd\(\’d’(,uv)

LU 6= C
=

‘o ckimm,dmc,h: u(x\ ‘Fow & QALUQYI T

e wé\in“{— 1> x’?v’)cwm %Q opntitma) d(%ﬁ’t)ﬁ?

, . i
ﬁ(‘-\- pecih noades &) }\?4;_)/”1 Ky Such Hiat

\{"LQ iNnte Ifh@ ’Q"(’L‘o n X Cor

pr“v




If C—A‘e mesh 1\5 un/ﬁ(ld:’f?’)! e AC(D“@_

2 /h'ql

Hoen S & 225190
2.

Infact, (£ we use a move Carcfl €Stimate

WQN +he ”’lfffmo (atcon enbr On [7(4 »’2’ 7

lue can 9&’7“

NCJUJ Wwe want to St (i /hat 7%6 C)ﬂﬂf/fhazf
dis Cribution of X, 22, (s +o hane a

Sh/m//esf‘ cwmr boune| of- +le ey

B )= 2 2 ar[alp ™

l-'l fﬁ w‘(g\

e Pt Wan t 1o O'O;

i~ y

: L—-k(‘ -.1')‘/__\
X, - Xy Yy,

Qiﬁ- ‘Hu d/r-ect optimi3a feen 15 Aam’ 7C

Not /ﬂq{fﬂ 655([)/{9 7(‘0 fa/t/\o




D

An indevect solufien Procedure .

(il s L et ﬁzée g\é/h&'f/—é\n A
eSS =g 7 £ el
f:aqml( Hi be, 7 mc, mesh
Mest s /Ssv’ymj -
Z [ e fa'te) 1’75 23
- 5 — ‘_§(
J ['f\g‘{ul \\J/ S
it - S
o S
Lohere T Z% = L
h ~ = hfivc.\soa‘?y /M”_y)ﬂ
¥4 [ ST \\/ i_j
/ -3 K?aﬁomﬂ,.,m _’;‘an,.
P g >- { /ggl e T e
T4 E X
J(_‘) (AT sty | U X asﬁé{i) __) O
or #4¢s mesh,
it LG
SR 64 J=i VT /
L O
by 4
= / L B




S um hangy «
- - )

1
(f\ o t.,‘.\\. 2

FFI 4 Y
\JEV\ TN \.«V

/

“ e(.{“\.Zf .Y < _@. /
L&) ~o U—sz

l N .
el TR TS =
NS ) 4 "‘:z
KHDWV\: | e
,,“"i - 177:; 7 e }2_
s = (VL
IU“{QQ” U > Swoodh

/Cl l{.’a“ l%'n{v\/z (/ [\ L2 }/
g e T ) SO k)él,b\\dx)
u)[/z@w) U‘“ 'S ()r,fsh«oairl,,
e = .
CXE UL _ | oy
= g R e
1% X_Q?; 7 Jg 1 T
S (W]l = *bo

S




e @>

E\nﬁ/‘n 5 ‘n _{_L—‘

TESTY dotaprTu T s qu"' { ' o LI WG
L

W esTr h e fﬂ"‘i&pteg‘[)

Requ\ ay3atisn

L,H’\-G()nf‘ )ﬂ+PYDc= [ﬂ"ﬁ(\m erV-C:V‘\VJ H ¢me NGra

ﬂ&o?h Cation “}'qr) Namey(a) SD\L(‘\'D:W\ L.ajC PB\/P%.-

Ealo\?_ciféjvfbuh’ng M€k ; Lreca H>

MR ST, 0 O
],11". I l""‘war‘

L NSYPa mD+ he e,rm

N =%

mu -~ S C o M AuE)
—J K=t S

U
T %jﬁ
=C 2 b (e Ly
R RS AT
=« 5=
et -
e S /[l o 2 2
¥ e, UG Sdy )
N Y vy
n Gl 75 Sn
s\) (\Jflv\‘b\zl/ ],L'\ ((j)] — e . TR
Ja g AN




. /7 ) =
R&ﬂm\&rl'z)a“f’wn O {’L’? meniter -(’;m efeqn

—'—.-(; Fbr gdﬂ’iéd

7,(_’“2;‘@. [0l =0

47 ; 2 SN« PP D, 4 ‘@Y/—Q'JL
ngn T’hf ;1)]{6[/) U,Qt o Ft [

Thus we neeol 7 resulary e o bota).

nflnﬂ o smal) O/ >m

S /':) Vo <, = Lj/!/\\/
N
= Yh
F4
‘ L 2«@75—
S /
2 =, |\ (o rfu'6[] dx]
J 7 A 7 i N
/ S if
L ! o
h\. (Q/k 7‘%_’)910:{)'()/-,/” /5)/2) S —U—Tl
7 J/\d._g\J ‘/ .\_J-.,
=
T —— Z/} /{;{/ + M AX [, ity \i2\/‘5
VA u; /) (“4 gﬁgg/}// AL
e fl/ =t /{S”
> O F alal ) ~dx




(39

CAG”:Ce 07£\Q/1:r A /)Dt ‘(i) A(C‘, 41/3,7{ Not Z(ag

Small
%/‘f 5’;5)/7
s 0/ // ;1\);
= [Z h.max [, ]
vll:] \ g7 &/’f}:fﬂ“\"% [J 1/
— /P[f‘i/n ;;é 5
(Jo (s
Lt tanbe S,Lzzrun fhat.
v
2 S“‘
=, ( r[ueyje) dx
-~ A fopn "f 1
g ‘)é U 2= ax |
L5 ffymm!/bwu[}:“}’;?’ -5ty L(an bo
Cdf"fv%n s g
hefO = B4 i=] -- T
“ bJ W kit A
o = /.r 7‘_ /n(j\x i i ‘2_\\:%
(5= (M idyen U (8] )
N e 7
fo/pllted T Maﬁzﬁ/;}é:né‘f@ﬁ
L Cytfor NensSis P
O}T; 5 L 7/
Eﬁw:v&/é’m i 5
G 7







| inear

\

Tnterpo\aticn ervrer n Hi Sem(-NérMm

o

i
G 1) D)

N
WS X,

J Y,
C = b7l o+ mox

=
~

| LA ’{fu\ l2

M| v
AWM/ G e,
e X
..I||||._. .d\

<y
5% | =
. T
Sy P
=
~— L) ki L D)
Ry e
Nl \u}J z.
e =
==J |3 |y
W Na L7
e Xl
P Jp
s 75N ~
D) | o
s I
Y/ = ik
+ (0
S P
i e
o

O = (% hy Mox 1370y

W

.J»jﬂ UvUJ:

B
N
)
L
o)
P
-
~
P T
| gor
Sl
NP
=L
=
o)
N/
=
)
D
=
QU

C o, G’

S

R .

»,/IL

2

e

ey

W'l

[

7.

N|

2! \UV

~30)

\"[\12/,\\ S ¢ (g

|

B>




Cﬁm’k-{mu\owﬁ %«m N

Kor o p' n

Hem=g®

b T

2y U e

\ A N e N> /3

i Sl IR R e

\ O( — <S| ‘\&u\‘;&v\)‘g

o
Prw\mtcw To Adaptive mesh Sefutien
2 | |
L—UKC'D):O} W=

=%z ¥

dr\amﬁe otr Voabies: U= oG 2

do _ du  dx o

a3 8B (Chain mle)




U=GEY andh X=XE) arR W Rnswn

“F‘M‘L e hWS

Defue %= X(Z):

Ji :
énr‘-.x: R H,‘\\z\/S“
TPl Rl RO D)

(5
T (Pag =0

Alor=o, %=}

km\o*em\ Sgﬁj@m

e M T

(TR w X & )T g o = £H@)

) Al\/‘\

5 o.lz(P ==

e or e

e a ) b= +




rLe Gure = QE?J

Nt o ouing esh PDE mededs
_I"‘JC’\C&{J o< < -~

st
!

o Lo

™~ Ny l\ A\ : h-A‘L(
+or Tire Q\Q_IP@HQQV\’\' EAT

%

Me J LV‘LL‘_’\ Mmeshes

L]

'tm,»us Tovmed\ PDE.S

(-]

MMPDE  approach

L]

N owencdeal e oo lts

Moving meshe.s

for +tine depontlent PY‘Q‘Q\GMS} g o

Nedul Yo uss o tpe ol_o{)@f\d@fﬁ‘ ML sh

LETZOS ()<< LY =)

—

| Py /:|¢;] ;eﬁt\eﬁg#\' :‘% “(eul A-_L!ng UL§ ,'2I_r|
P il | ‘Q

£ \‘4/3 .\ e O o~ P- [ PR "(\J/‘n,.
e \V"LC&,.B{ oo ™ W WLV < ST~ I & 0 L= LA

ME5}), wnder a (OO NATO ransyorwate o)

Penste the ccordinate transdeimadin by

' \;(:X@L;n"); [a.) = (o, 0}

L %

-~

PR S




o)

% . ({-\ X(t +\

tmﬂS% (MP d P PEf

Cu\/l‘t) \dQ 4 ‘\/L,-Q %\J\(‘a\u\y\s € 4 qu-}/( <

e AU =T Y SRR h
A7 | AEA PN \ o

\/\'t

(o Ey=o, at=g

we want 4+ mﬂf‘"?gfm +Hits eﬁwﬂché,v.

Trone (x4) 1o G5 w\d@r X=X(%1).

S L oS

e e
’ NI ‘

2

oE oX ot '_5'—"6\/ ) xx-{-(j,b
— o T . 45 ) B )2.
( IVh\x = U’fg
33
Y (""—ﬂi};— =< > (Us
) X3 T o= 2 (M) (o)
g aae 3

SRR

Mesh equation

13 i o bl . = \/ ‘
MoW o etermwme N 5T

E@U&{Q{{q—e‘v:b“fcgw PV{V\CLD{Q ,
| | y e




Coupleadsystem

.q}-,_,_/—;r__ngf{ E o L -7
U L \U I\/

¥ T oagn g 3

&l Dey 25N o A
% 5%

Tt =0 T(,0=06

~X(OET=0 X (1) =]

Ceritral F D di5(refizalcan on

S A = B R
: Ve
L f=5 Geloe T
lEi=o . dolrli=]




2D fx) 22X
13

50  pard ametertseel 1o (onbho| how

& / ‘
P Q.LC%E /”'Ef‘%!“; moemen t éﬁreslb&ﬂdj JI_CJ

§’¢/aw Mo rermen

i
T Shall  quich reviment
“é/,p[(a//j, : T = /{9..//\/ [ O3
b p o ARy 22 (AL U T g p
: . Eeise —— ¥ LA
SRR = A
T R
) r \):) Al
B e L R I
)SJ_T/A}#ZL@% QJW’\/>JO(X- A]
) S, ,f;r_f
L O MR PSRRIy o ST
7 R e
e Ur )
A )77 P __I//)
=z (1)
[ S - 7
R /ﬂicg/"@—i,uv‘u&“ =75 12\4—-




1.2 A moving finite difference method 3

(AN =21 by N=8l
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Fig. 1.1 Computed solutions obtained with a uniform mesh for Burgers’ equation with £ = 102
are shownatt =0, 0.2, 0.4, 0.6, 0.8, and 1.0.
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Fig. 1.2 Computed solutions atz =0, 0.2, 0.4, 0.6, 0.8, and 1.0 obtained with a uniform mesh of
2001 points for Burgers’ equation with & = 107%,

solution computed with a uniform mesh of 2001 points for the case € = 107*. Use of
a very fine uniform mesh is expensive in terms of computer time and memory, and
much more so for two- and three-dimensional problems, making mesh adaptation
necessary.

1.2.2 Finite difference method on an adaptive moving mesh

The adaptive solution of the model problem requires that the mesh points be con-
centrated around the steep front and dynamically adjusted to follow the front as it
propagates in time. Such a dynamically adjusting mesh is referred to as an adaptive
moving mesh.

Adaptive mesh movement is often best understood by interpreting the problem
in terms of a suitable coordinate transformation. Specifically, we assume for the




8 1 Introduction

(a) Computed solution. (b) Mesh trajectories.

e g W2z
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x

Fig. 1.3 (a) The computed solution for Burgers® equation with £ = 10~*, obtained with an adaptive
moving mesh of 41 points, is shown at # = 0, 0.2, 0.4, 0.6, 0.8, and 1.0. (b) The corresponding
mesh trajectories.

(See Appendix A for the definition of Sobolev space H'(0, 1).) For a given time T >
0, the Galerkin formulation of the model problem is the following: Find u(-,7) € V
for 0 < t < T such that

1 1 1
/ utti)dx:/ (Etter-z—uz) Oudx, YoeV, 0<t<T (127)
0 0

and the initial condition (1.3) holds. The equation (1.27) is obtained by multiplying
(1.1) by ¢, integrating both sides of the resulting equation over the interval (0, 1),
and integrating by parts on the right-hand side.

‘We consider the linear finite element approximation on the uniform mesh .7, in
(1.4). Specifically, define the basis functions (hat functions)

o for x € [x;_1,%)]
xj—xj_l
X —X .
9;F =9 = forxe ] =LV (1.28)
T~
0, otherwise

and let V" be the (N —2)-dimensional subspace of V spanned by the basis functions

¢21"'3¢N—1y i'e-,
Vh = span{®s, ..., oy_1}.

A linear finite element approximation «”(-,¢) € V* for 0 < ¢ < T to the exact solution
u of the model problem is then required to satisfy

1 1 1 2
f uf@dx:/ (-suf;+§ (uh) )qudx, Voevh 0<i<T  (1.29)
0 0
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(a) Computed solution. (b) Mesh trajectories.
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Fig. 1.7 (a) The finite difference solution for Burgers’ equation with £ = 1074, obtained with
an adaptive moving mesh of 61 points, is shown at 1 = 0, 0.2, 0.4, 0.6, 0.8, and 1.0. (b) The
corresponding mesh trajectories.

T

Fig. 1.8 The time step size used in the adaptive moving mesh solution of Burgers’ equation with
&= 107" and 61 points is plotted as function of time. The relative and absolute tolerances for
the time step control are taken as rzol = 107% and atol = 1074, respectively, for the Matlab ODE
solver “odel5i” (using a backward differentiation formula of order 5).

The upper and lower bandwidths of B are equal to 2 plus the number of sweeps used
in smoothing the mesh density function. Strategies for choosing the mesh density
function and the intensity parameter are considered in detail in Chapter 2.
The difference in time required to solve algebraic systems for the uniform and
adaptive mesh methods turns out to be less significant in two and three dimensions,
. where the algebraic systems for the uniform mesh method are generally much more
expensive to solve.
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